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The Basics

1.1 Simplify the following expressions as much as possible:

(—:C4y2)2 =28y 9(3°) =9 (2a2)(4a4) = 8a’
z? 1 1/3 1
—_— = —2 7—4 = — _— = —
237 (=2) 8 <27b3> 30
7 6.5 4 2a/7b  10a®

2\4 8
ojsa ~ T2 ) =7

1.3 Solve:

V23 =2 V27 =3 V625 =5

1.5 Another way to describe a line in Cartesian terms ispthiat-slope form:
(y —vy') = m(x — 2'), wherey’ andz’ are given values ana is the slope
of the line. Show that this is equivalent to the form given biveg for the

intercept.



2 The Basics

Start with a basic algebraic rearrangement:

(y—y') =m(z -2’
y—1y =mz—ma'
y=mz —mx +v

y=mz + (—ma’ +y').

Since we knowy = mx + b whereb is they-intercept andn is the slope of

the line then:

mz +b=mx+ (—mz' +)
b= (-ma’ +y')

Yy = ma’ +b.

1.7 Averyfamous sequence of numbers is called the Fibosaqcience, which

starts with0 and1 and continues according to:
0,1,1,2,3,5,8,13,21,...

Figure out the logic behind the sequence and write it as atifmaising

subscripted values like; for the jth value in the sequence.

We want to explain the serie$}, 1,1,2,3,5,8,13,21, ..., and it is easy
to see that numbers are produced from adding consecutiueszallhis is

described by:

Ty = Tp_1+ Tn—2,
for all n > 2 with the following conditions:

,TO:O, ,Tl:l
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1.9 Which of the following functions are continuous? If nathere are the

discontinuities?

923 — x 6y*2% + 3y%2 — 56

Y Yy

fla)y= —2E 2L gy = B2
(x—=1)(x+1) 12y° — 3zy + 182
flz)=e fw)=v"—v*+1
W4+1z>0
xry
) = - f@) =410
—2?x <0

(i) discontinuous at x=1,x=-1
(ii) all ratios of polynomials are continuous unless a deimator is zero
(y =0,z =0 here).
(i) continuous
(iv) all polynomials are continuous
(v) discontinuous at (0,0);
(vi) discontinuous at x=0
1.11 Use the diagram of the square to prove that b)? + 4ab = (a + b)?
a b

(i.e., demonstrate

this equality geomet-

rically rather than

algebraically  with

features of the square

shown).

(i) The right-hand side(a + b)? gives the area of the full square since
each side is of length + b.

(i) Notice that there are four equal sized rectangles andaller square
that fill the entire full (large) square.

(i) The rectangles are of sizé, thus their total contribution i$ab.
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(iv) The smaller square has sides of shze a, this is of size(b — a)?.

(v) Therefore we know thata — b)? + 4ab = (a + b)? (the square on
the first term makes it irrelevant which value gets subtihfitem the

other).

1.13 Sgrensen’s (1977) model of social mobility looks apiteeess of increasing
attainment in the labor market as a function of time, perkqualities, and
opportunities. Typical professional career paths follovegarithmic-like
curve with rapid initial advancement and tapering off pesgrlater. Label
y; the attainment level attime periodndy, _; the attainmentin the previous

period, both of which are defined ov@r". Sarensen stipulates:
Yy = g[exp(st) — 1] + yr—1 exp(st),

wherer € R is the individual's resources and abilities and R is the
structural impact (i.e., a measure of opportunities thabbhee available).
What is the domain of, that is, what restrictions are necessary on what
values it can take on in order for this model to make senseaindéclining

marginal manner?

The model does not make sense unless< s < 0 since there is a
theoretical requirement that effects are declining inénoents over time. To
see this, rearrange the formula to get= exp(st)(% + y,—1) — %. This
makes it clear thalr| < |¢| is necessary, and singeis a set of integers
increasing by one, then a negative value @g required to get diminishing
positive values from thexp() function.

Some illustrativek code:

r <-10; s <- -1/2; y <- 1
for (i in 2: 10) {
y <- c(y, (r/s)*(exp(s*i)-1) + y[1]*exp(s*i) )
}
plot(y,type="I1")
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1.15 Usingthe change of base formulaforlogarithms, changé36) tolog,(36).

 logy(a)
loga('r) - logZ(a)
log, (x) = % — log,(36)

1.17 Sociologists Holland and Leinhardt (1970) developedsures for models
of structure in interpersonal relations using ranked eltsst This approach
requires extensive use of factorials to express persooates The authors
defined the notation®) = z(x — 1)(x —2) - - - (z — k + 1). Show thatz(¥)
is justz!/(z — k).

l=z(z—-1)(xz—-2)-(z—k+1)(xz—Fk)---3-2-1

2! zz—1)(x—=2)(z—k+1)(x—Fk)---3-2-1
(z —F)! (x —k)!

z(x—1)(x—-2)--(z—k+1)[(x—k)---3-2-1]
(x — k)!

:x(x—1)(@—2)-~-(:17—k—|—1)[(:r—k)!]
(x —k)!

=z(x—1D(z—-2)(x—k+1)

— k)

1.19 Show that in general

D3 EX7R | DI
i=1 j=1

j=1i=1

and construct a special case where it is actually equal.
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m

S Tz = ) wa), - )] + [22(y1) (a), - (yn) ]+

i=1j=1

vt [ (W) (W2), - -+, (yn)]

DD s = ()@ + o+ 2)] - [(y2) (21 +

j=li=1

vt )] () (@ e )]

= (w14 )" [()(Y2), s (yn)]

S0: (1 + .+ ) [(y1) (y2), - - - (yn)]

7 (@4 )" (Y1) (2), - - (yn)]

1.21 Suppose we had a linear regression line relating tleecdistate-level un-
employment percent on the-axis and homicides per 100,000 of the state
population on thej-axis, with slopen = 2.41 and intercepb = 27. What

would be the expected effect of increasing unemploymen®b9 5

For 5-unit (percent) positive change in state-level unayiplent, we get

the following expected change in homicides per 100,000:

Y =m(6X)+0b
— 241(5) + 27

= 39.05

1.23 Use Euler’s expansion to calculateith 10 terms. Compare this result to

some definition ot that you find in a mathematics text. How accurate were
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you?

L +-1 4L +-1 PRI I
12l 41 6 789100

1 1 L1 1 LI
1120 13t 14l s 6! 1T
PRS-
18! " 19! " 20!
6613313319248080001

~ 2432902008176640000 2718281828

1.25 Find the roots (solutions) to the following quadratjcations:

422 -1 =17

4 =18,2° =4 = x=4,/9/2

922 —3x—-12=0
4
Bx+3)Bx—4)=0 = x:—l,g

22 -2 —-16=0

% (—b:l: (b2—4ac) =

(2 + /(22 16)))

N =

(2j: 4—(—64)) = 2=+VIT+1

N)I)—l

622 —6x—6=0

( 6 + /(62 36))) 112 (—Gj: 36 — (—144))
= i%\/_—%
54 11z = —322

322+ 11z +5=0

(-11+ VAE=@x345) = i%\/(;___

=
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1.27 The Nachmias—Rosenbloom Measure of Variation (MViciatgs how many
heterogeneous intergroup relationships are evident fnenfutil set of those
mathematically possible given the population. Specificilis described
in terms of the “frequency” (their original language) of ebged subgroups
in the full group of interest. Calf; the frequency or proportion of thi¢h
subgroup ana. the number of these groups. The index is created by

“each frequency all others, summed”

MV = —
“number of combinations* “mean frequency squared”

i # fj)_

n(n2—l) ,f_2
Nachmias and Rosenbloom (1973) use this measure to makescidiout
how integrated U.S. federal agencies are with regard to Feaea population

of 24 individuals:

a) What mixture of two groups (say blacks and whites) givesitximum
possible MV? Calculate this value.
Obviously this number is maximized when there are an equab®u
of people in each subgroup, and minimized when one group&sgs
as possible and all others have just one person. For exacgpisider
a population of 24 in which 12 are black and 12 are white. Fix th

organization the Measure of Variation would be calculatgd b

b) What mixture of two groups (say blacks and whites) givestimimum
possible MV but still has both groups represented? Caletités value
as well.

Conversely, the most disproportionately possible orgstitna would
have only one black. This organization would have a Measivar®

ation:

23 x 1
MV =22 016
5 x 122
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Analytic Geometry

2.1 For the following values of in radians or degrees (indicated), calculate

sin(f), cos(), andtan(f):

3 117
22 2w
— 150° - — 390°
7 5
80,0007 — 47 3 +.001 10°
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Analytic Geometry

sin(0) = 0, cos(0) =1, tan(0) =0

. 3T 3T . 3T
sin| — | =1,cos| — | =0,sin| — | =0

sin (1}%) = 0.7071068, cos (%) = —0.7071068,
ta Hr) 1
n{— )=
sin (807) = 0, cos (807) = 1, tan (807w) =0
sin <?) = —0.001264489, cos <§) = —0.999999201,

tan <2—72> = 0.001264490

sin (150°) = 0.5, sin (150°) = —0.8660254,

sin (150°) = —0.5773503

sin (—2?71—) = 0.9510565, sin (—2?71—) = 0.3090170,
. 2

sin (—?) = 3.0776835
sin (390°) = 0.5, sin (390°) = 0.8660254, sin (390°) = 0.5773503
sin(80,0007) = 0, sin(80,0007) = 1, sin(80, 0007) = 0
sin(—4m) = 0, sin(—4n) =1, sin(—47) =0
sin(37 4+ .001) = —0.0009999998, sin(3w + .001) = —0.9999995,

sin(37 + .001) = 0.0010000003

sin (10°) = 0.1736482, sin (10°) = 0.9848078,

sin (10°) = 0.1763270
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2.3 Show thatos(6) tan(f) = sin(6).

: __ opposite opposite ; hypotenuse ot
Sincetan() = Fqaceny It€AUAIST R sd “opposie - 1NISissin(6) / cos(6)

socos(f) x sin(6)/ cos(0) = sin(0).

2.5 ldentify and sketch the conic sections:

2 2
2 2 € Y
5 +y 9 1
22
25a% + 1000 = 1 y=1-=

X+yP=2 Cl9+y2l4=1

elllgse
0.0
|
parabola
y
0.0
|

—-0.1
I
—-0.5
I

—-0.2
L
-1.0

2.7 Draw in the same figure an ellipse with= 9, b = 4, and a hyperbola with
a = 4, b = 1. Calculate the four points of intersection.

Restrictingr andy to be positive, the two equations can be solved for two
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ellipse and hyperhola

o
L]

—10
1

unknowns producing = 7.595094 andy = 2.146006. By symmetry the
other points of intersection afe 7.595094, 2.146006] , [7.595094, —2.146006] ,
[—7.595094, —2.146006].

2.9 Dataanalysts sometimes find it useful to transform fséaginto more conve-
nient forms. For instance, data that are boundef)bif can sometimes be
inconvenientto model due to the bounds. Some transformetiat address

this (and can be easily undone to revert back to the origoratf are
inverse logit:f (x) = log(z/(1 — x))
cloglog: f(x) = log(— log(1 — x))

arc sine:f (z) = arcsiny/z).
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Forz € [0:1], what advantage does the arcsine transformation havehGrap
each of these functions over this domain in the same graploufwere
modeling the underlying preference or utility for a dichmimus choice (0
and 1, such as a purchase or a vote), which form would you r@raféite
the inverse function to the arcsine transformation. Notee &rcsine trans-
formation has been useful in analysis of variance (ANOVA(Jistical tests
when distributional assumptions are violated.

Fromthe figure itis clear that the inverse logit transfoiiorahas the most
curvature and therefore may better describe preferencegelsa It also has
defined endpoints which the cloglog does not. The arc simsfmamation
shows little curvature except at the endpoints. The invefgle arc sine

transformation isf (y) = (sin(y))?.

— inverse logit
- - cloglog
arc sine
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2.11 Suppose you had an ellipse enclosed within a circlerdapto:

2 2

LTyt
ellipse: §+b—2_1, a>b
circle: 2 4+ y* = a®.
What is the area of the ellipse?
2 2
abw:area,a2:x2+y2,x_2+y_2:1
a b
(I:«/:v?—i—y?
S
( /I2+y2)2 b2
2 2
St =
2 +y? b?
y? z?
2 T 2242
y? y?
b_2:I2—|—y2
11
b2 x2 4 92

b= /I2+y2

= abr = (2 +y*) 7

2.13 Yeats, Irons, and Rhoades (1975) found that annualsttegrowth for 48

commercial banks can be modeled by the function:

Dyyq
D,

=1.172 — 0.125¢ 7 + 1.135¢ 2,

whereD is year-end deposits ands years. Graph this equation for 20 years
and identify the form of the curve.
This is a section of the hyperbolic form. See graph below.
2.15 In studying the labor supply of nurses, ManchesterglL8&finedv as the
wage and{ (v) as the units of work per time period (omitting a constantterm
which is unimportant to the argument). He gave two possikfgamatory

functions: H(v) = av? + bv with constants: < 0,b > 0, andH (v) =
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Relative Change

a+b/v with constants unconstrained, < 0. Which of these is a hyperbolic
function? What is the form of the other?

The second one is the hyperbolic form and the first is quadrati
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Linear Algebra: Vectors, Matrices, and

Operations

3.1 Perform the following vector multiplication operatgon

11 1fa b

11 Uxfa b ¢

-1 1 —1]-[4 3 12

-1 1 —1x[4 3 12/

0 9 0 11]-[123.98211 6 —6392.38743 -5/

[123.98211 6 —6392.38743 —5/-[0 9 0 11]".

o [1 1 1} b | =Q)a+(1)b+(Ne=a+b+c

16
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4
. {—1 1 —1} 3 | ==+ 1)B)+(-1)(12) = -13
12
4
|-t 1 x| s | = 100206 (D2 D@, (16
12

(1)(4)] = [15, -8, =7]

123.98211
6
10 90 11} =-1
—6392.38743
-5
123.98211
6
4 09 0 11 |=-1
—6392.38743
-5

3.3 Show thaflv — wl|? = ||v|? + ||w||% — 2||v||||w]| cos® impliescos(8) =

VI w

v — w2 — [Iv]}2 - jw]?
9 f—
cos(f) v ITwl

(v—w) - (v—we)—v  -v—w - w

=2[vlfiwl

vViev—v -w-wv+ww-—vv-ww

=2[vlfiwl

—2viw

— =2|viliwl

3.5 Explain why the perpendicularity property is a spec@decof the triangle

inequality for vector p-norms.
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For values op ranging froml to co, perpendicular vectors give the range
[2K, k] for the triangle valugu + ve||, , wherek is the normalized length of

the vectors.

3.7 Showthat pre-multiplication and post-multiplicatisith the identity matrix

are equivalent.

Use a diagonal matrix to show a slightly more general propert

dl 0 0 I11 X112 Tin
0 dQ 0 T21 Z22 Ton
D= . X =
L 0 0 dn i Tnl Tnp2 Tnn
d 0 0 Tl T12 T1n
0 do 0 To1  T22 Ton
DX =
L 0 0 dn i Tnl Tn2 Tnn
diz11 diTi2 d11n
dox21  daTa2 daz2n
L dnxnl dnan dnxnn
Tr11 T12 Tin dl 0 0
To1 292 Lon 0 d2 0
XD =
L Tnl Tn2 Tnn 0 0 dn
diz11  dazi2 dnT1n
diz21  daza2 dnT2n
L dlxnl d2xn2 dnxnn
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If D is the identity matrix, thea; = 1forall j = 1,2,...,n and,

dyxyr diziz ... diTig
doxor  doxoa ... daTop
dnxnl dnan cee dnxnn
dizir dexi2 ... dnTin
dywar  daxaa ... dnpTon
dl Tnl d2xn2 oo dnxnn
I11 T12 Tin
Xro1 X292 Ton
Inl Tn2 e Tpn

3.9 For the following matrix, calculatX™ for n = 2,3,4,5. Write a rule for

calculating higher values of.

0 0 1
X=10 1 0
1 0 1
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0 0 1 1 01
X=10 1 0f =0 1 0
_1 0 1_ _1 0 2_
- 43 . S
0 0 1 1 0 2
X=101 0/ =1]0 1 0
1 0 1_ _2 0 3_
- 44 -
0 0 1 2 0 3
X=101 0/ =1{0 1 0
_1 0 1_ _3 0 5_
- 45 r -
0 0 1 3 0 5
X=10 1 0f =0 1 0
_1 0 1_ _5 0 8_

There are different rules that can be written, but the foitmacovers a

simple version:

X"[2,] < =X""1[2,] and X"[,2] < —-X""![,2]

X"[3,1] = X"[1,3] = X""![3, 3]
X"[1,1] = X" 1, 3]

X"[3,3] = X" [3,1] + X" 1[3, 3]
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3.11 Perform the following matrix multiplications:

3 —=3| |2
-3 3 0
1 |4
31 =2
3
6 3 4
-1
-1 -9| [-4 -4
-1 -4 -1 0
1 2 -3 -8
3 =312
-3 3 0
0 1 1] (4
1 0 1| |3
1 1 0f |1
- 4
31 =2
3
6 3 4
- 1
1 0|11 O
-3 1| |3 1
-1 —-9| |4
-1 —4| |-1
1 2 -3
0 0 1
0 oof |—1

0 1 1| (4 7
10 1113 0
11 0|1 2
1 01]1 O
-3 1] (3 1

0 oof |—-1 -1
6 3
-6 =3
4 2
5 9
T
13 17
37 50
0
1
40 1 75
=120 1 35
-12 -1 -19
0 0
—00 —00

3.13 Communication within work groups can sometimes beistuldy looking
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analytically at individual decision processes. Roby andZedta (1956)
studied at this process by constructing three matri€gs; which maps six
observations to six possible responsis), which indicates which type of
person from three is a source of information for each obsenvsandPR,
which maps who is responsible of the three for each of theespanses.

They give these matrices (by example) as

R1 Rs Rg R4 R5 RG
O 1 1 0 0 0 O

O, | o1 1 0 0 0
OR= 0s; | 0 0 1 1 0 o
o, |l 000 1 1 0
Os | oo o o0 1 1
O \'1 0 0 0 0 1

01 Oq 03 Oy 05 06

Py 1 0 1 0 0 O
PO =

P 0o 1 0 1 0 O

Ps o 0 0 o0 1 1

P, P, P

Ry 1 0 0

R, | 1 0 1

PR= Ry | 0 1 0
Re |l 0 1 0

Rs | 0 o0 1

Rs \L 0O 0 1
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The claim is that multiplying these matrices in the ordeR, PO, PR
produces a personnel-only matrf P R) that reflects “the degree of operator
interdependence entailed in a given task and personnetstel where the
total number of entries is proportional to the system coriplethe entries
along the main diagonal show how autonomous the relevant ég@nd off-
diagonals show sources of information in the organizat®erform matrix
multiplication in this order to obtain th@ P R matrix using transformations
as needed where your final matrix has a zero in the last enttiyeofirst
row. Which matrix most affects the diagonal values(P R when it is

manipulated?

To preserve this order, the following transformations aeassary(O R’ PO’) PR,

which is equivalent t¢ PO)(OR)(PR)

- — - -

1 1.0 0 0 0 1 0 0
011000 11 0 1
101 0 00
001 10O 0 1 0
010100
0001 10 0 1 0
0 00 011
00 0 0 11 0 0 1
1 00 0 0 1] 0 0 1}

!/
2 20
=11 2 1
1 0 3

Since this is a linear-additive calculation, multiplyingyeof the three matri-

ces by a constant has the same effect on the outcome.

3.15 Element-by-element matrix multiplication isHladamard product (and
sometimes called a Schur product), and it is denoted witleeit«” or “ ©”
(and occasionally 8”) This element-wise process means thXiandY are
arbitrary matrices of identical size, the Hadamard proth&t © Y whose
ijth elementXY;;) isX;;Y,;. ItistrivialtoseethaK @Y =Y ©X (an

interesting exception to general matrix multiplicatiooperties), but show
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that for two nonzero matriceSX ©Y) = tr(X) - tr(Y). For some nonzero
matrixX what doed © X do? For an ordek J matrix, is t{J ©J) different
from tr(JJ)? Show why or why not.

k
(X oY) =Y ziy; = sumtr(X)tr(Y)).
i—1

turnsX into a diagonal matrix with the same diagonal values.
J(4) : sum(diag(J% * %J)) = 16,
sun(diag(J x J)) = 4.

3.17 Prove that the product of an idempotent matrix is idewnuto
B'8=(A'A)A'A)=A'AA'A = A.

3.19 Calculate the LU decomposition of the maffj% | using your preferred soft-
ware such as with thiea function of theMatrix library in ther environment.

Reassemble the matrix by doing the multiplication withosihg software.
1 0
L= From:
;1

expand(lu(X))$L %*% expand(lu(X))$U

EN|

’ U =

4
0

[N

3.21 Demonstrate the inversion property for Kronecker potel(X @ Y)~! =

X! ® Y1, with the following matrices:
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2 -5 2 -5
9 1
(XoY) ! = :2 1: :2 1:
2 -5 2 -5
2 8
2 1 2 1
- —1
18 —45 2 -5
18 9 2 1
4 —10 16 —40
4 2 16 8
0.0095  0.0476 —0.0012 —0.0060
—0.0190 0.0190 0.0024 —0.0024
—0.0024 —0.0119  0.0107  0.0536
0.0048 —0.0048 —0.0214 0.0214
- —1 —1
o |91 2 -5
XY = &
2 8 2 1

0.1143 —0.0143 . 0.0833 0.4167
—0.0286 0.1286 —0.1667 0.1667

0.0095 0.0476 —0.0012 —0.0060
—0.0190  0.0190  0.0024 —0.0024
—-0.0024 -0.0119  0.0107  0.0536

0.0048 —0.0048 —-0.0214  0.0214

3.23 Fortwo vectorsifi® usingl = cos? f+sin? fand|lux v||? = |Ju||?||v|]*—
u? - v2, show that the norm of the cross product between two veaicaag

v,is: |[ux v| = ||u| [|v] sin(9).
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u-v
9 =
<os(0) = v
2 2
2 u” -v
9 _
s"0) = [uFIvE
2 2
.2 o u” v
=) = LR

[al 1V = [laf?[[v]? sin*(6) = u® - v*
[ull?[[v]|? = u? - v® = [|u/?||v]]*sin?(8)
[ux v = [lu?[v]* sin*(6)

[Jux v = [[ul[[|v]|sin(6)
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Linear Algebra Continued: Matrix Structure

4.1 For the matriX3 3], show that the following vectors are or are not in the

oo

The first vector is in the column space:

L1

but the second is not because the only way to get 5 in secohid ¢eluse

column space:

2.5 as the first multiplier:

<2l

4.3 Obtain the determinant and trace of the following maffixink about tricks

to make the calculations easier.

=~ O O
[N RSN N
ja]

—

27
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Since the transpose of a matrix has the same determinantweseathe
transpose to put two zeros on the top row. That immediateky aur efforts
by one half since the sub-matrices attached to these vabusshute zero to

the determinant. Therefore:

0110
110 100

1010
=-DM{6 2 1|+EDHM]6 4 1

6 4 2 1
6 4 1 6 0 1

6 0 4 1

where we need to be careful to keep track of the positive agdtive mul-
tipliers. Fortunately there are three zeros across the das of the two
determinant calculations so we only have th?ee 2 determinant calcula-

tions to perform:

2 6 1
= (=11 +(=D(=1) + (D)

=(-1)2-4)+HD6-6)+ (+1)(4—-0)=6

4.5 In their formal study of models of group interaction, Boith and Bailey
(1971) looked at linear and nonlinear systems of equatibes (nterest was
in models that include factors such as free time, psychotdgompatibility,
friendliness, and common interests). One of their conadgifor a stable

system was that the determinant of the matrix

must have a positive determinant for values ahda. What is the arithmetic

relationship that must exist for this to be true.
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det = (+1)(=r)((=7)* = 0) + (~1)(a)(0 — a)
=—r+a®>>0 = o>

1 0 4
4.7 CalculateéB|, tr(B),andB~! givenB= |0 2 0].

0 0 3
1 0 4
detB)=|B|=|0 2 0 |,determinantt
0 0 3
1 0 4
tr(B)=10 2 0 |,trace:6
0 0 3
-1
1 0 -—-1.33
B7'=10 05 0.00
0 0 0.33

4.9 Prove that the following matrix is or is not orthogonal:

/3 2v2/3 0
B=1|2/3 —v2/6 V2/2
—-2/3  V2/6  V2/2
B !'=B — B'B=1 So:
/3 2v2/3 0 1/3 2/3  —2/3 1 00
2/3  —V/2/6 V2/2| |2v2/3 —v2/6 V2/6| =10 1 0
—2/3  V2/6 V2/2 0 V2/2  V2/2 0 0 1
4.11 Clogg, Petkova, and Haritou (1995) give detailed guiéafor deciding
between different linear regression models using the satae th this work
they define the matriceX, which isn x (p + 1) rankp + 1, andZ, which
isn x (¢ + 1) rankg + 1, with p < ¢. They calculate the matrid =
(X'X - X'Z(Z'Z)"'Z'X] ~!. Find the dimension and rank o
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First, the dimension:

/ X _ / U -1
(p+1)xnnx(p+1)  (p+1)xnnx(g+1) (g+1)xnnxg+1)

-1

% /

(g+1)xnnx(p+1)

Therefore the dimension ot is (p + 1) x (p + 1). The rank ofX'X is
min(p+1,n) = p+1,and the rank 0K'Z(Z'Z) ' Z’X ismin(p+ 1, q +
1,n) = p+ 1 (i.e. matrix multiplication cannot increase rank). So taek
of the difference is obvious+ 1 and the matrix is not invertible unless it is

full rank, soA is rankp + 1.

4.13 Land (1980) develops a mathematical theory of sociahgh based on a
model of underlying demographic accounts. The correspgnplopulation
mathematical models are shown to help identify and trackgimg social
indicators, although no data are used in the article. Labels the number
of people in a population that are betweeandz + 1 years old. Then the

square matri®’ of order(w + 1) x (w + 1) is given by

0 0 0 0
Li/Lo 0 0 0
o 0 Lo/L 0 0
a 0 0 Lo/L 0 ’
I 0 0 0 Ly/Lo_i O |

wherew is the assumed maximum lifespan and each of the nonzera ratio
gives the proportion of people living to the next age. Thermdl — P’) is
theoretically important. Calculate its trace and invem&ee inverse will be a
lower triangular form with survivorship probabilities detnonzero values,

and the column sums are standard life expectations in tia@ak sense.

The matrix(I — P’) is easy to construct:
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i 1 0 0
—Li/Lo 1 0

0 —Lo/Ly 1

0 0 —Lo/Ly

I 0 0 0

o o O

—_

_Lw/wal

31

So the trace is obviously one. We can get the inverse from $admislan

elimination. Start with

[ 1 0 0
—Li/Lo 1 0
0 —Lo/L; 1
0 0 —Ly/Ly
I 0 0 0
10
0 1
0 0
0 0
0 0

0
0
0
1

_Lw/Lw—l

0 0

0 0

1 0

0

0 0

The first row is already done, so add/ L, times the first row to the second

row:
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(1 0 0
0 1 0
0 —L2/Ls 1 0
0 0 —Lo/Ls 1
L0 0 0 —Lo/Lo1 1
10 0 0 T
Li/Lo 1 0 0
00 1 o0
00 0
00 0 0 1]

Now addLs /L times row 2 to row 3:

10 0
0 1 0
00 1 0
0 0 —Lo/Ls 1
L0 0 0 —Lo/Lo1 1
1 0 T
L1/ Lo 1
(La/L1)(L1/Lo) Lo/Li 1
0 0 0
0 0 0 0 1

where(Ly/L1)(L1/Lo) simplifies toLs/Ly. We can continue this way

with Ly cascading down the first rovl; down the second row, and so on.
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The final line of the matrix inverse will look like:
[Lw/LOa Lw/Lla Lw/L27 ERE Lw/Lw—h 1]

4.15 Consider the two matrices

5 2 5 5 2 5
2 1 2 2 1 2
X, = X2 =
3 2 3 3 2 3
295 1 3 299 1 3

Given how similar these matrices are to each other, whXig' X,)~! so

different from(X;'X,)~1?

The matrix(X2'X5) is barely nonsingular and therefore presents an un-

stable matrix inversion:
16111.11111  —88.888889 —16061.11111
(X2'X2)"' = | —88.88889 2.111111 87.88889
—16061.11111  87.888889  16011.61111

Also, the ratio of smallest to largest eigen valuéaf X,
(103.3808, 0.5593058, 0.00003113)

is dramatic: 3320905, compared tol30965.2 for Xy’ X, (i.e. 25 times
larger).
4.17 A Hilbert matrix has elements; = 1/(i + j — 1) for the entry in row; and
columnj. Is this always a symmetric matrix? Is it always positive wiei?
As an example, here is3ax 3 Hilbert matrix:
1 1/2 1/3
Hsyxs3 = |1/2 1/3 1/4
1/3 1/4 1/5
So it is easy to see from this example and easy to assertifrorn= j + i
that the Hilbert matrix of any size is symmetric. For the lditbmatrix to be

positive definite, it must be true that:

xXHx >0, Vx#0
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for H ann x n matrix andx an-length vector. Pick an arbitrary column of
H in the operationj, fromj < n. The first operation of the product on this

column vector is described by:

z1
[(x1H1; + xoHy, + ... + x,H,, ] "
Tn
Thus multiplying the row vector here times the column vegiioes thejth
value in the sum. Note that all valuég; here fori = 1, ..., n are positive
by definition of the matrix. The correspondingcan be either positive or
negative in which case; H;;x; is necessarily positive. Therefore the sum
down the columry is always positive. Sincg¢ was picked arbitrarily from
H, the expression above must always be great than zero excepvéctor
x of all zeros. Hence the Hilbert matrix of any size is positiedinite.
There is an interesting article on just the Hilbert matriXritks or Treats
with the Hilbert Matrix.” by Man-Duen ChoiAmerican Mathematical
Monthly 90 (May, 1983), 301-312).
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4.19 Solve the following systems of equations:or, andz:

First problem:

r+y+2z=2
Statement of problem: 3¢ —2y+z2=1
y—z=23
Multiply 1*third row x4+ 3y =
addedto second row and 3z —y=4
2*third added to first:
y—z=3
r+3y =38
-3*first row added to second row: 10y =20 —y=2
y—2=3 — z=-—1
Final substitution: T4+3(2) =8 —a=2

Second problem:

20 +3y —z = =8

Statement of problem: T2 —z= 2

—r—4y+2=—6

r—y=—14
Add third row to firstand

second rows: “y=—4 —y=2

—x—4y+z2=—6

I —2=-14 =—-12
Substituting: * Y

—(~12) —4(2)+z=—6 — z=—10

Third problem:
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Statement of problem:

Add row 1 to row 2:

Plug inz = 2 and add row 1 *3 to row 3:

rT—y+2z=2
dr +y—22=10

r+3y+2=0

r—y+2z=2
) 12 !
€Tr = — = —
5

r+3y+z2=0

12
<€>—y+2z_2
12

4.21 A matrix is an M-matrix ifz;; < 0, Vi # j, and all the elements of the

inverse (X —1) are nonnegative. Construct an example.

23 —-14

0.8 2.8

The matrix: has the inverse}:

-0.3 0.4

0.6 4.6
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4.23 This question uses the followiBg< 8 matrix X of fiscal data by country:

X.1 X.2 X.3 X4 X5 X.6 X.7 X.8
Australia 33 99 541 5.57 515 535 572 6.24
Britain 5.8 114 481 4.06 4.48 4.59 479 524
Canada 121 99 243 224 282 429 463 5.65
Denmark 12.0 12,5 225 215 242 3.66 4.26 5.01
Japan 41 20 0.02 0.03 010 134 1.32 143
Sweden 22 49 198 255 217 3.65 4.56 2.20
Switzerland —-53 1.2 075 024 082 212 256 222

UsA 54 6.2 256 1.00 326 419 419 544

wherex ; is percent change in the money supply a year ago (narsowis
percent change in the money supply a year ago (breagl)s the 3-month
money market rate (latestx 4 is the 3-month money market rate (1 year
ago),x 5 is the 2-year government bond rate; is the 10-year government
bond rate (latest)} - is the 10-year government bond rate (1 year ago), and
x g IS the corporate bond rate (sourckie Economist, January 29, 2005,
page 97). We would expect a number of these figures to be siabtdime
or to relate across industrialized democracies. Test veneliis makes the
matrix X' X ill-conditioned by obtaining the condition number. Whatte
rank of X’X. Calculate the determinant using eigenvalues. Do you éxpec
near collinearity here?

Students should be encouraged to do this problem with sodt(valess
the instructor wants considerable repetition). The foll@\R code sets up

the problem:

fiscal <- matrix(c(3.3,9.9,5.41,5.57,5.15,
5.34,5.72,6.24,5.8,11.4,4.81,4.06,
4.48,4.59,4.79,5.24,12.1,9.9,2.43,
2.24,2.82,4.29,4.63,5.65,12.0,12.5,
2.25,2.15,2.42,3.66,4.26,5.01,4.1,
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2.0,0.02,0.03,0.10,1.34,1.32,1.43,
2.2,4.9,1.98,2.55,2.17,3.65,4.56,
2.20,-5.3,1.2,0.75,0.24,0.82,2.12,
2.56,2.22,5.4,6.2,2.56,1.00,3.26,
4.19,4.19,5.44), byrow=T, ncol=8)
eigen(t(fiscal)%*%fiscal)
svd(t(fiscal)%*%fiscal)

This tells us that the condition numberig47553¢ 4+ 03/1.296827¢ — 03 =
1116227, which is quite large suggesting some ill-conditioning.efdare
no zero eigen values s¥’X is full rank. The product of the eigenvalues

gives the determinan.008.848.

4.25 Another method for solving linear systems of equataditise formA—'y =
xisCramer'srule. DefineA ; as the matrix wherg is plugged in for thgth
column of A.. Perform this for every columi, . .., ¢ to produce; of these

; ; ; 1| JAz| |Aq|
matrices, and the solution will be the vect Al AL IAql . Show
that performing these steps on the matrix in the example ge &9 gives
Using the matrix and vector:

ok

The determinantal is|A| = 10— (—15) = 25. Produce the\ ; according

the same answer.

A:

to:

A1 det(Al) =20— (—9) =29

2 4
A2 = det(Ag) =6—20=-14.
3
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Therefore the inverse with Cramer’s rule is:

A [Aal] [29 14

39
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Elementary Scalar Calculus

5.1 Find the following finite limits:

-2
lim [:c2 — 6x + 4] lim {:c 5]
r—4 z—0| x+5H
. z? . [yt=1
lim lim .
r—4 31}‘ — 2 y—1 Yy — 1

Finite Limits. Since we know all of these functions are continuous at

x = a0ory = a, we simply solve forf (a).

11%(x2—6x+4)=(42—6(4)+4)=—4
. 22 42 8
m|—— ) =—0———) ==
e—4 \ 3z — 2 3(4) -2 5
x—25 0—25
li =(——)=-5
wl—%(x+5) (0+5)

o (V1Y o D+ DR+
lm<y—1)_z}—>1 (y—1) =

i
y—1

5.3 Find the following infinite limits and graph:

lim 9z lim v —4 lim 23
z—oo | 22 + 3 z—oo | T+ 3 zooo |28 4117

40
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Infinite Limit. We can easily solve for each of these infinite limits using

L'Hospital’s rule, which is switching from

limg o (@) 0 Timy o (f (x)l>.

g9(z) g(x)
972 18z .
i () =t (5) = Jim 0=

5.5 Calculate the following derivatives:

d_ 1 d

d 3 2 d 1 25 1 0.25
— 3y — 12 — =¥ - a2
W 1Y) dz (1oo$ 10"

d, d 1

— (a® -1 —P -1+
e I ] ()

d 1 9 d [(4x — 1222
d—y(y—y Wy —y77) %<m

d d

o exply® — 3y + 2] . log(2mz?).

In order to compute these derivatives we use the power 5@4&? =
na" 1L,
1
d(3x3) -2 1
=X =
dr (V)2

d(y3 + 3y? — 12

v Y ) = 3y* + 6y

dy

2 3 _ 5 _ .2 3 _
W) (@) A=)
dx dx

d(y— oyt =2 2 -1 _ -3
-y )-v? d+y'-1+y ):2y+y,
dy dy

2 —4

_31/
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dexp (y2 -3y + 2) _ (eyz_3y+2) (2y—3)

dy
d (14t —7)
R0 1y
dt
d (Wlox% - %xo,%) _ 11724 _ iaf%
dx 4 40

A -7 (1+ %) d@p+y-T-%) ., 1
&y = &y =3y + y—g +1
In order to compute the following derivative we will use theotjent rule
n [@} _ gl@) @) = fla)gg(2)
dz | g(z) | — g(ZC)Q '
quotient is the denominator times the derivative of the matog minus the

In words, the derivative of a

numerator times the derivative of the denominator, all &f thivided by the

denominator squared.

4 — 1222
d ( 3 — 422 )
dx
[(23 — 42%)(4 — 242)] — [(42 — 122%) (32 — 8x)]
(23 — 42?)?
1224 — 823 + 1622
26 — 8z + 1624

Finally we will solve the last derivative using the chainapage 107),
= fg(@) = f(g(2))d ().

dlog (27T£C2) 1
dx 22

(4rz) = %

5.7 Calculate the derivative of the following function ugilogarithmic differ-

entiation:
. (247 — 3)2
(22 —1)3 (922 — 1)2
5
o (223 — 3)2 . o
Beginning withy = 5 , We instead take the derivative
(22 —1)3(92%2 —1)2
of:

5 2 1
log(y) = 3 log(22% — 3) — 3 log(z? — 1) — 3 log(92% — 1)
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1d

ydz’

-3 () -3 ) - s o

= <15x2(:c2 —1)(92* - 1) — %x(2x3 —3)(92% - 1)

— 9x(223 — 3)(2? —1))/((2x —3)(z® = 1)(92° — 1))

152% — 31z + 632% — 38a" + 9320
(22 — 3)(2? — 1)(9:172 -1

Now we multiply both sides by and simplify..

d  (152% — 31z +632° — 282”4 9326
dz? = (223 — 3)(22 — 1)(9x2 )

5
2

(223 — 3)
(22— 1)3 (922 — 1)

X

 152% = 31z + 632% — 3Ba" + 9320
- 2 1
(207 — 3)3 (a2 — 1)3 (922 — 12

5.9 Usingthe limit of Riemann integrals, calculate thedaling integrals. Show

3 9 1
/zﬁx /11+y2y

0.1 9
R = / 22dx R = / 1dz.
0 1

e With R = f23 \xdx, the problem looks simple but turns out to be quite

steps.

difficult since there isn’t a way (i.e. trick) to step out oktBum into a
closed form. There are various approximations out theranistead let’s

rely onR where we can give it arbitrarily large numbers of slices sfir
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let’s set the problem up for a left Riemann integral:

Rz%[f(2)+f(2+%)+f(2+%)+...

)
(2)%+<2+%)é+(2+%>;+...

1
h

where the ordering on th§ ensures that we stop atas required. Now

let’s code this algorithm up and extehnd

riemann.sqrt <- function(h) {
sum <- 0
for (i in 0:(h-1))
sum <- sum + sqrt(2 + i/h)
return(sum/h)

}

Now we can run this function with increage

> riemann.sqrt(10)

[1] 1.562538

> riemann.sqgrt(10000)
[1] 1.578468

> riemann.sqrt(100000)
[1] 1.578482

> riemann.sqrt(1000000)
[1] 1.578483

where we are clearly converging on the correct value (obtd@easily by

integration).
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e Use the same logic faR = flg #dy. First, note that the left Riemann
integral can be expressed as:

R—l{f(1)+f(1+%)+f<2+%>+...

)

S U U S S
Ch[141 0 14141 14142

1 1
+ +
1+1+8-2 1+1+8—%]

RN LU R SR 1 N 1
Ch[2 241 242 77 2482 2481

8h—1
1 1
h ; 2+ ¢
which leads to following algorithm:

riemann.y <- function(h) {
sum <- 0
for (i in 0:(8*(h-1)))
sum <- sum + 1/(2 + i/h)
return(sum/h)

}

Now we can also run this function with increasihg

riemann.y(100)

[1] 1.604412

> riemann.y(10000)
[1] 1.609388

> riemann.y(100000)
[1] 1.609433

> riemann.y(1000000)
[1] 1.609437
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e The tricky part toR = foo'l x2dx is the limits. As before using a left

Riemann sum makes things easier:

R—hlim%{f(())%-f((o*‘%)+"'+f(<0+0'1_%>}

1\? 1\?
R= lim - (0)2+(<E> +...+(<0.1—E)]
101*% i\ 2
R=lmy 3 <E>
0.1-+

_— 3 2
R= hlinéoﬁé [0.002h% — 0.03h* 4 0.1A]

1
R = lim = [0.002—0.03/h+0.1/h%]

1
= (0.002) = 0.000333....

e The arealk = flg 1dz is just a rectangle sb does not matter:

R:Zl=9—1=8

i=1

5.11 Calculate the area of the following function that lié®ee thez-axis and

over the domairf—10, 10]:

f(z) = 42 + 122 — 18,

In order to find the area of the functigiiz) = (42% + 122 — 18), within

the domain[10, —10], we must first find the roots of the function in this
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interval to know where the function lies above thaxis:

. —b+Vb? —4dac  —124 /144 + 288
o 2a B 8

= —4.098076, 1.098076

(round to—4.1 and1.1 for ease if desired). We know that this is a quadratic
form open upwards, so we need to integrate outwards frone tfespoints

ignoring the interval between:

—4.1 4 —4.1
/ (42 4+ 122 — 18)dx = 2> + 622 — 182
~10 3 ~10
4
= (5(—4.1)3 +6(—4.1)% — 18(—4.1))
4 3 2
— g(—10) +6(—10)2 — 18(—10)
= (—118.9547) — (—1753.3330) = 1634.378
1.1

10
4
/ (422 + 122 — 18)dx = ga:?’ + 622 — 18z
1.1

10

4 2
= (5(10)3 +6(10)* — 18(10))
4 2
_ (5(1.1)3 +6(1.1)* — 18(1.1))
= (1753.330) — (—10.76533) = 1764.098

So the total area under curve above thexis between—-10 and 10 is

1634.378 + 1764.098 = 3398.476.

5.13 Calculate the following indefinite integrals:

/(2 +122%)% % dx /(:c2 - x_%)da: /Ldy
V9 + 3y3

$2
/360t6dt / L /(11 — 213%)%dy.
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(S

3
do = va 1222 + 24+
1
1 V3log (2x\/§ V1222 + 2)

/(2 + 122?)

1
+x <§\/12x2+2+3x2\/12x2+2) +c

1
/(:102 — 27 2)dr = §$3 —2yr +ec

- @ﬂ

/(360t6)dt +c

/ 35—2 dx—llo (ZC—l—l)—llO (x—1)—ax+c
1-22)% 727 2 %

/Ldy: L/Ldy
V9 + 3y3 V3. 3448

/ \/%dy needs to be solved with the reduction formula:
ty
AR __(n—2a / LA
z5 227 n+1-3m)b  b(n+1-3m) 23

where:z; = a + bz
1
son:l,a:3,b:1,m:§ — 23 =a+ by’
the first iteration looks like:

-2

Y -1 3\ % Yy
——dy =2y (3—|—y)2+6/7dy
/\/3+y3 (3+v3)

=
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This still contains an integral which is unsatisfactoryt,We can evaluate the
limit:

23i

(3+y3) —%(5—32— 3
12 —18: / yl =3
_ - dy
10-6i—3) (3+4°)

231 4,
57 T

o

/(11 —213°%)%dy = 121y — vy +ec

5.15 For the gamma function (Section 5.6.4.1):

a) Prove thaf'(1) =

b) Express the binomial functio(g) = in terms of the gamma

(n )
function instead of factorial notation for integers.

¢) WhatisI" (3)?

Recall:T'(w) = [, t* e~ !dt, w>0.

o0
/ tOetdt = —e~t
0

t=00

5.17 Blackwell and Girshick (1954) derived the result beiowthe context of
mixed strategies in game theory. Game theory is a tool indbiaksciences
where the motivations, strategies, and rewards to hypaédsompeting
actors are analyzed mathematically to make predictiongpam observed
behavior. This idea originated formally with von Neumanm é&orgen-
stern’s 1944 book. Simplified, an actor employs a mixed efgatvhen she
has a set of alternative actions each with a known or assunodaipility of
success, and the choice of actions is made by randomly isejexrie with
that associated probability. Thus if there are three adtidres with success

probablhtles2 '3 l , then there is a 50% chance of picking the first, and so
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on. Blackwell and Girshick (p.54) extended this idea to oarusly mea-
sured alternatives between zero and one (i.e., a smoottidanmather than
adiscrete listing). The first player accordingly choosdsea € [0:1], and
the second player chooses vajue [0:1], and the function that defines the

“game” is given byM (z,y) = f(z —y), where

t(l—t), foro>t>1
f(t) =
ft+1), for —1>t>0.

In other words, it matters which afandy is larger in this game. Here is the
surprising part. For any fixed value gf(call thisy,), the expected value of
the game to the first player § To show this we integrate over a range of

alternatives available to this player:

/ M) = / ' fla = yo)de

Yo
—_————
<yYo >y

Yo 1
:/ f(x—yo)d:er/ f(z —yo)dz,
0—/_/

where breaking the integral into two pieces is necessargusecthe first one
contains the case wherel > ¢t > 0 and the second one contains the case
where0 > ¢ > 1. Substitute in the two function values ¢r ¢ + 1) and

integrate over: to obtain exactly%.
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1 Yo
/ M(a:,y)d:c:/ (z—yo+ 1)1 —(x—yo+1))de
0 0

[ @)1= o= s

Yo

—/Oy°<x—yo+1><1—<yo—x>>dx

1
+/ ( —yo)(1 —x+yo)dx

Yo

Yo
_ / (=2 + 2(2y0 — 1) + yo — y)der
0

1
+ / (—2® 4+ 2(2yo + 1) — yo — y2)dx
Yo

Yo

1 1
= —§UC3 + 5:102(2yo — 1)+ yor — yg

0
1

1 1
+ —g:ﬂg + §x2(2yo +1) — yox — Yo

Yo

1 1 1
= —gyS’ + 596290 — 1) + 95 — v — 3
1
+ 5(2y0 —1)—yo — y5
1 1

- (—gyS +y5(2y0 + 1) — y5 — vi)
1
6

5.19 Show that the Mean Value Theorem is a special case of’'Rdlheorem by
generalizing the starting and stopping points.
One can show that either is a special case of the other. To #atw
Rolle’s Theorem is a special case of the MVT, we just haveipukite that
f(a) = f(b) = 0. To show the reverse (which is much more interesting),

define a new function:

o(0) = 1) O IO UOSa) g

This assumes, without losing generality, that a« and f(b) > f(a). We

can relax this assumption by using absolute values, if désiKow we can
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show that:
o) = 5(0) — oL O =I@ O Sy g
= 1)~ fla) - LU =D gy~

Therefore the endpoints are now both on x-axis. Finallynigthe derivative

produces:

f(0) = f(a)

J@) = -2

and we know thatf’(z) = % from the definition of the MVT, so

¢'(z) = 0 and we're done.

5.21 From the appendix to Krehbiel (2000), take the pargaivdtive of

50((M? — M/2 4+ 6)? +100(1 — M/2 +6) — M)
M((1—M/2+6)— (M/2+54))

with respect tal/ and show that it is decreasing M € (0:1) (i.e., asM

increases) for all valuese (0:1).

50((M? — M/2+6)? +100(1 — M/2 +§) — M)

f(M) = M((1=M/2+6)— (M/2+0))

1 1 1 1

=50(M* — 5M3 + M?5 — 5M3 — ZM2 -5 Mo+ M?s
1

- Mo+ 6% +100 — 50M + 1005 — M)(M (1 — M))~*

=50(M* — M? + (20 — %)W

— (494 6)M + 100 + 1006 + 6%)(M? — M)~ *
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= 50[(4M3 —3M2+2 <25 - i) M — (49 +6))(M?* — M)~ *
+ (M* — M3+ <25— i) M? — (49 + )M + 100 + 1005 + §2)

x (—1)(M? — M)™2(2M — 1)}

1
M? - M

(M* — M3+ (26 — $)M? — (49 + §)M + 100 + 1006 + 62)(2M — 1)
(M2 — M2

. [4M3 —3M2+2(20 — L)M — (49 +6)

= ﬁ[(4M3 —3M2+2(26 — %)M_ (49 + 8)) (M2 — M)

— (M* — M3+ (26 - i)w — (49 + 8)M + 100 + 1008 + 6%)(2M — 1)}

— 50 5 _ 4 _1 3 _ 2
—(MQ_M)Q[ALM 3M +(45 2)M (49 + 6)M

—AM* +3M3 — (45 - %) M? + (49 4+ 6)M
— (2M° —2M* + (45 - %) M? —2(49 + §)M? + 200M + 200M§
1
+2M 8% — M* + M3 — <25 — Z) a+ (49 + §)M — 100 — 1006 — 62)]

50 1
= |OM® —4AM* +2M3 + (=49 — § — 45 + = + 98 + 26 + 26
WEESTIE [ + +( +5 T 98+20+

1 M?(49 4 6 — 200 — 2006 — 262 + 49 — §)M — 100 — 1006 — §*
4

50 99
=" |2M® —4M*+ oM> =Z_5) Mm?
<M2—M>2[ - *(2 )

— (102 + 2006 + 6*)M — 100 — 1006 — 52}
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L F()
_50(2M3)(M? — 2M +1) 50 99
T M2(M2—2M +1) (M?-M)?K?_é) M

— (102 + 2006 + 6%)M — 100 — 1006 — 52]

B 50 99 )
= 100M + o3 K 5 6)M

— (102 + 2006 + 6*)M — 100 — 1006 — 62]

B 50 99 )
= 100M + o3 K 5 6)M

— (9—29—6)M— (1705+2016+62>M+1OO+1005+52}

1 99

o0 [<1705 +2o15+52> M + 100 + 1005+52}

T 0P -y
2475 — 500
R Ve T
(2625 + 100505 + 6*) M + 500 + 5005 + 505°
(17 = M)

This function rapidly increases it for any value o and then remains

at zero. As illustrated:

fm <- function(M,delta=0.5)
100*M + (2475 - 50*delta)/(M"2-M) -
((2625 + 10050*delta + delta™2)*M +
500 + 500*delta + 50*delta™2)/((M"2-M)"2)
M.list <- seq(0.001,0.2,length=100)
plot(M.list,fm(M.list),type="1",

col="tomato3",lwd=2)
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Additional Topics in Scalar and Vector Calculus

6.1 For the following functions, determine the interval owéich the function

is convex or concave (if at all), and identify any inflectiovints:

fla) =+ fla) =
flx) =2 +4x +8 flx)=—2* 92 +16
1 _ exp(x)
I7/2
() = 1~ exp(— exp(a) f@) = o
fl@) = (z -1 +1)° f(z) =log(x)
o fla)=1
d B 2
%f(x):—a: %—ng

So this function is concave to the x-axis from the negatige .sThere are

no inflection points since the second derivative doesn’ngkasigns.

o f(x)=a3.
d o2 d? B
_dacf(x) =3z e 6

56
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o f(z) = x?+4x+8. Thisis aquadratic function with a positive coefficient
onthe square term. Therefore itis convex to the x-axis andbanflection

points.

e f(x) = —2®—9z+16. Thisis another quadratic, butit faces downward. It
crosses the x-axis (has roots)-at0.52079, and1.52079, so itis concave

between these values.

o f(z) = ﬁ This function is symmetric around zero and concave be-
tween the two inflection points and convex outside of themesEhare

calculated as follows.

f/(:zr) = —2z(1+ 172)_2

f(2) =21+ 2% "2 +82*(1 + %)~

=214+ 2372 (=1 + 4221 + 237

Itis clear from the second form that the second derivativebgiequal to
zero if —1 + 42%(1 + 22)~! is zero and tha2(1 + x?)~2 cannot provide

a zero term. Therefore the root is found by:

—1+42*(1+2*)"1 =0

4r*(1+25)" 1 =1

422 =1+ 22
22 =3
x=:|:\/§

which can be confirmed by plugging this value back into thesdderiva-

) )

e The functionf(z) = (ffepi)f;()w) is of course the logit function, which we

tive function:
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know a lot about. The first and second derivatives are given by

’

f (x) = exp(x)[1 + exp(x)] ™" + exp(x)*[1 + exp(z)] >

2

(@) = exp(x)[1 + exp(x)] ™" — Bexp(x)*[1 + exp(x)] 72

+ 2exp(z)?[1 + exp(z)] 3

If we plugz = 0 into the second derivative function we get:

N~

MA+D =31+ 2+2)(1+1)3 =

so zero is an inflection point. This can also be seen easilga@rgtaph
below. Since zero is an inflection point apd= 0.5 is the corresponding
y value, then the function is concave (negative second demjatx > 0

and convex (positive second derivative)at: 0.

Logit Graph (sub-problem 6):
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e Forf(z) = 1—exp(— exp(z)), the first and second derivatives are given

by:

’

f(x) = — exp(— exp(z))(— exp(z))

= exp(x) exp(— eXp(x))

"

[ () = exp(z) exp(— exp(r)) + exp(z) exp(— exp(x))(— exp(z))

= exp(x) exp(— exp(x))(1 — exp(z))

In the second derivative functiaxp(z) exp(— exp(z)) cannot possibly
provide zero values since the log of zero is undefined. So theveay
it can be zero is if(1 — exp(z)) = 0, which occurs only atz = 0.
So this must be an inflection point. Plugging zero back intdtiginal
function produceg = 0.6321206 at the inflection point. This function
is the “cloglog” function used in some regression modelsraslernate
link function to the logit (above). Itis therefore interiegi to note that the

inflection isnot 0.5.

27/2

e The functionf(z) = 355 has first and second derivatives:
! [ 2\—1 2 2\—2
f(z)= 5962(24—:6 )T =222 (24 27)
F(@) = 222t 24?7 + Lrh @4 a?) (- 1)(20)
9
- (2)550%(2 +22) 72 =227 (2 +2%)73(—2)(22)
35 s 2y—1 I 2\—2 4 2\—3
= Za:2(2—|—:c )T —1622(24+27)7" -8z (2+27)

So there is clearly aninflection pointat= 0, and the ternf2+x2) cannot
produce one due to the square and that it is always in the deaton To

determine if there are any other inflection points we will thet second
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derivative equal to zero and attempt to solvezfor

? (242%)7t - 1623 (24+2%)"% — 8z (242273
= 352222 (2 4+ 22)? — 6427 (2 + 2%) + 3227
= 34(4 + 42® + 2*) — 12822 — 64" + 322*

=140 + 1222 + 32*
Substitutey = 2 since a root iny implies a root inz:
0=3y? + 12y + 140 = (3y + 3)(y + 3) + 131

but when we apply the quadratic formula the square root corpigives
v/—1536, meaning there is no root inso there is no root ik. Therefore
the only inflection point is the previously found one at zeBince small
positive values of: give a positive second derivative function and positive
values of the original function, then the function is coreabove zero.
By the same logic, since small negatives values@if’e a negative second
derivative function value and the original function is atsegative, then
the function is concave to the x-axis from the negative sitesélues of
x less than zero.

e For the functionf(z) = (z — 1)*(x + 1)?, we have:

Fa)=4(z - 1)@ +1)° + 3 — 1)z +1)?
f(@)=12(x — 1)*(x+1)° + 4(z — 1)*(z + 1)*(3)

+4(x — 1%z + 1)?)(3) + (z — D)*(z + 1)(2)(3)
=12(x — 1)*(z + 1)® + 24(x — 1)*(z + 1)?
+6(z— DYz +1)

Clearly the second derivative has two and only two rootsleand—1. The

second derivative, with some mechanical algebra work, eaexpressed
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as:

"

f () = 422° — 302" — 602> + 362% 4 18z — 6

and so we have no way of knowing that we have captured all tbes.ro

Plotting the function (see below) indicates two more nean.ze

)

-5

-10

Analytically these can be hard to find, but we can use NewtapkRon to

save work. Suppose we notate(z) = g(z), then

g (x) = 2102* — 1202° — 1802° + 722 + 18
For starting points we can look at the graph. Here is s®unede to find
the roots:

x.vals <- -0.5 # or x.wvals <- -0.5
for (i in 1:9) {
X <- x.vals]i]

x.vals <- ¢( x.vals,x -
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(42*x"5-30*X"4-60*X"3+36*X"2+18*x-6)/
(210*x"4-120*X"3-180*X"2+72*x+18) )

}

This produces the following tabulated results:

Iteration Run 1 Run 2
1 0.3000000 -0.5000000
2 0.2597887 -0.5483871
3 0.2612025 -0.5469188
4 0.2612039 -0.5469182
5 0.2612039 -0.5469182
6
7
8
9

0.2612039 -0.5469182
0.2612039 -0.5469182
0.2612039 -0.5469182
0.2612039 -0.5469182
10 0.2612039 -0.5469182

We know that there are not any additional roots because theiz®
quickly dominates outside df-1:1]. Since it has an odd power, then
the function head to infinity in either direction as implieg thhe graph.
Also from the graph we see concavity inl: —0.54] and[0.26: 1] with
concavity from the negative side jr-0.54:0.26].

e f(x) =log(x). We know that the log function is concave above the x-axis

starting at the only root = 1.

6.3 Totestmemoryretrieval, Kail and Nippold (1984) asked &-, and 21-year-
olds to name as many animals and pieces of furniture as pegsikeparate
7—minute intervals. They found that this number increasedsacthe tested
age range but that the rate of retrieval slowed down as thegeontinued.
In fact, the responses often came in “clusters” of relatsgaases (“lion,”

“tiger,” “cheetah,” etc.), where the relation of time in secls to cluster size
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was fitted to bes(t) = at® + bt? + ct + d, where time i¢, and the others
are estimated parameters (which differ by topic, age grangd, subject).
The researchers were very interested in the inflection mdititis function
because it suggests a change of cognitive process. Findtlidainknown
parameter values analytically by taking the second déviwaVerify that it is
an inflection point and not a maxima or minima. Now graph thrgction for
the points supplied in the authors’ graph of one particudaedor an 8-year-
old: es(t) = [1.6,1.65,2.15,2.5,2.67,2.85,3.1,4.92, 5.55] at the points
t=12,3,4,5,6,7,8,9,10]. They do not give parameter values for this case,
but plot the function on the same graph for the values 0.04291667,
b= —0.7725,c = 4.75, andd = —7.3. Do these values appear to satisfy

your result for the inflection point?

cs(t) = at® + bt> +ct +d

d

—os(t) = 3at® + 2bt +t
d2
Ecs(t} = 6at + 2b

Setting this equal to zero and solving gives:= —3—2. Since the functioniis
smooth, this is the point where the second derivative fonathanges sign,
meaning an inflection point. Singeis in the denominator and cannot be
zero, there is no inflection point for this function when #hierno third order

term.

The points appear to fit the functional form except at the ends
6.5 Smirnov and Ershov (1992) chronicled dramatic changgsublic opin-
ion during the period of “Perestroika” in the Soviet Unior®8b to 1991).
They employed a creative approach by basing their model@priinciples
of thermodynamics with the idea that sometimes an encagsliliguid is

immobile and dormant and sometimes it becomes turbulenpeggbured,
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a
I

|
\

‘ ‘ ‘ ‘ ‘
literally letting off steam. The catalyst for change is hifEsized to be radi-
cal economic reform confronted by conservative countfarneist policies.
Definep as some policy on a metrje-1:1] representing different positions
over this range from conservative € 1) to liberal (p > 1). The resulting
public opinion supporf§, is a function that can have single or multiple modes
over this range, inflection points and monotonic areas, atier number and
variety of these reflect divergent opinions in the poputati®mirnov and

Ershov found that the most convenient mathematical forra hers
4
S(p) = Z Aip',
=1

where the notation op indicates exponents and the values are a series
of specified scalars. Their claim was that when there are ppocximately
equal modes (ir¥(p)), this represents the situation where “the government
ceases to represent the majority of the electorate.” Spagifalues to give
this shape; graph over the domaippdnd use the firstand second derivatives

of S(p) to identify maxima, minima, and inflection points.
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Given that the support covers both sides of zero, we knowatbdaminant
guadratic form will give us two modes. We can get a taperirigrofn the
modes by manipulating the fourth exponent to be negative aldte know
that the first term is not particularly important since ittjgssales upward.
An interesting form within the parameters of the problemiieg by A =

[0, 20,1, —12]. The first derivative of5(p) is:

d
— = 40p + 2p* — 48p?
dp

= p(—48p” + 2p + 40)

So one rootis obviously at zero. The other two are found usiagjuadratic

formula:
=2 /4 — 4(—48)(40)
P= 2(—48)

=0.933942 or — 0.8922753

This form is graphed here with the roots indicated by veltinas.

The second derivative of function is:

d
- (—48p® + 2p® = —144p* + 4p + 40)
P

Setting this equal to zero and solving the quadratic prositioe two points
(0.5411181, —0.5133404). Since these are the points where the second
derivative is zero and the function is not a maximum or mimmuhen
we know that the derivative changes sign on either side atip®ints and
therefore they are inflection points. The graph shows thegetpon the
original function.

While the chosen function is arbitrary, students can egsdly their own
version and obtain the points of interest. To be consistétht tlve article,
the function should have two maxima, which also makes thé/sisamore

interesting since it produces three roots and two infleghioints.
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ruler

6.7 For the functiory (u,v) = vu + v?2, calculate the partial derivatives with

respect tar andv and provide the value of these functions at the p@im% ).

o Foflwe)=guto?)E
o L f($,3)=0.6396021
° % (uw)zv(u—i—vg)_%

o Zf(1 4)=0.4264014
6.9 Obtain the first, second, and third derivatives of thifahg functions:
fl@) =52 +32° —11a® + o -7 h(z) = 1112° — 1212

f@—ﬂ+£ f(@) = (@%)?

h(u) =log(u) + k g(z) = sin(z) — cos(z).
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h(u) =logu+ k
R (u) =u"!

R (u) = —u~2

R (u) = 2u™3

9(2) = sin(z) — cos(2)

g'(2) = cos(z) + sin(z)
9"(2) = —sin(z) + cos(z)
§"(2) = — cos(z) — sin(z)

6.11 Evaluate the following iterated integrals:

4 5 Lol
/ / dydx / r2y3drdy
2 J3 o Jo
3 z T x
/ / —dydx / y cos(x)dydx
1 J1 Y o Jo
1 Yy 2 2—y
/ / (z + y*)dxdy / / ydxdy
o Jo 1 J1

1 1 1 € 3 11
/ / / 91—z —y— zdedydz / / ——dudv
o Jo Jo 2

1 2—2x wzyz 1 1 —y/3
/ / / dzdydx / xydxdy.
o Jo 0 -1Jo

4 5 4
[ foe ]
2 3 2
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xT
dx
1

3 xI 3 x
//—dydz:/ / xlog(y)
1 J1 Y 1 J1
3

:/ [log(x) — xlog(1)] dx

1
— L o
(u=1log(z),dv =x,du=1/x,v= 2% )

1 3

—togla) (5 ) %) = 310~ 1ox(1) (322

= 2.943755

1
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Y=z

dx

T x us 1
/ / y cos(x)dydx = / —y? cos(x)
o Jo 0 2

Note: it helps to remember that sin(z) = cos(z) implies [ - sin(z) =
J cos(z) meaning cos(z) = sin(z), and-L cos(z) = — sin(z) implies

[ 4 cos(z) = — [ sin(z) meaning[ sin(z) = — cos(z).
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x=1

dy

//(:v+y2)dxdy:/ (—x2+:vy2)
o Jo 0o \2 o
1
1
=/ (§y2+y3> dy
0

71

y=2
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1 op1 gl
/ / / 91—z —y— zdedydz
o Jo Jo

:/01 01 (—g(l—w—y—z)g>

+(3) (3)a-v-2tey) :d
= [ vt -a-u-9] :d
- % 01 :(—1 —2)F —(=2)f - (-2)F + (1 —2)%} dz
7% 01 (-1-2)F 4 (1= 2)F —2(-2)F] dz
= [ JEer-9ien+ 2a- iy -3y

8 . .
= Jgg 1131370 — 0+ 2i 4 i+ 1~ 0)

— ° 1.831371i+1
105 i+ 1]

wherei = /—1 (the “imaginary number”).




Additional Topicsin Scalar and Vector Calculus

dv

@I)—l

[[ 3w [ 1

€

| =

(log(3) — log(e) )dv

\

9 U

v

= (log(3) — 1) /26 1alv

v=e

= (log(3) — 1)(log(v))

= (log(3) = 1)(1 — log(2))
= log(3) — log(3) log(2) — 1 + log(2)

= 0.03025946

2

1 22z pz’y 1 p2-2z
// / dzdydx:// [x2y2] dydx
0 Jo 0 0 Jo
1 1 y=2—2x
-2
0 3 y=0

dz
1
/ 2?(2 — 2x)%dx
0

1
3

— 114 3 8 4 4 5 ot

~3 {396 R
1,4 4 2

= —(=—2 —) = —
537245755

73
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1 pl-y/3 1y
/ / zydrdy = / [—:CQy}
—1Jo 112

1
= %/ (1—y/3)%ydy

z=1-y/3
dy

=0

32 93 .
1 1 1 1 1
= {14+ —=)—(-1-=2—- =
2[( 3+27> ( 3 27)]
_ 2
Y

6.13 Show whether the following series are convergent ardent. If the series

is convergent, find the sum.

~ - ) -

s SN N 1
-3 ¢ .

2 Z(—l) E“(‘)

3422 —i+3 . 2r+1 0 g

—~ 2i5+3i—3 ;(IOg(T))’” ;72

Ford 2 o

oo

_ / " exp [ log(3)] dr = oxp [ log(3)] (~ log(3))

~ (3 (- 1oxt3)

S0 it converges.

0

o0

= log(3)
0
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For 3272 rray » We need to be somewhat creative. Consider first

the first few values, continuing on:

S 1+1+1+1+1+
7276 12 20 30

which can be expressed as:

= (969 6-D (Y
(3-3) o+ (F1) ()

This then “telescopes” down to two terms (like Example 6sifige consec-

utive values all cancel except the first and the last, pradyci

1
Sew=14+—=1
o0
The seriesy ;- 1d5; can be re-expressed ak >, 1, which is just

a constant times a series that we know to be divergent. Tdrerdtfis is a
divergent series.

The sumd_;2 k2 fits into the following principle. A sum defined by
ooy kip converges fop > 1 and diverges otherwise. Therefore this is a

divergent sum. We can also, less generally, note that:

/OO 1 1
T 2dr = —x2
1 2
1

1
For the sumy_>°, (ﬁ) ", we know lim (ﬁ) " never produces

n—oo

o0

=00

values lower than one, so this series fails the first intagsilon page 260.

The serie$ ", sin (1) is convergent since:
lim sin(1/n) =0

7 +21 —i43 L
Ford 2, Srtaios . look at the limit:

lim n®+2n2—n+3 — lim 1/n?+2/n®—1/n*+3/nd _0
n—oo  2n5 +3n —3 n—00 2+3/n*—3/nd

which shows that the series converges.
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For 3272 (oayy= use the ratio test:
Togtr e
. log(n+1))™
A2 | 2
(log(n))™
(2n + 3)(log(n))"

= 1
noo (2 + 1) (log(n + 1)1

o Cnt 3o
n—oo(2n + 1)(log(n + 1))™ lo

g(n+1)

= @1?) (bg(rj + 1)) (10;5(?1>>

= Jim <(;Zi 1) * <2n2—|— 1>) (log(;—i— 1)) (10;7%(?1))

=(140)(0)(1)=0

So the series converges.

Using the ratio test fop ;| %,

2" /n? .1 n? 1
lim ——F—— = lim-——— = =
n—>002"+1/(n +1)2 no02(n+1)2 2

6.15 Write the following repeating decimals forms in seriegation:

0.3333... 0.43114311 ... 0.484848 . ..

0.1234512345... 555551555551 ... 0.221222223221222223. ...
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3 3 3
0.3333...= — + — +——_
0 " 100 " 1000
-y 3
-4~ 10k
k=1
4311 4311
43114311 ... =
0451 10000 " 100000000
- i 4311
B 4k
£~ 10
0484848 — 5 48 48

100 ~ 10000 1000OO+

= 48
=2 T

k=1

12345 n 12345
100000 = 10000000000

=48
=2 i

k=1

0.1234512345... =

55551 n 555551
1000000 ~ 1000000000000

<= 555551
_Z 106k
k=1

0.555551555551 ... =

22 n 555551
1000000 1000000000000

2204 ¢
- ZZ 103k

k=1/¢=1

0.221222223221222223 ... =

6.17 Find the Maclaurin series fgim(z) andcos(z). What do you observe?

& k 2k+1 (El (E3 (ES
sin(e Z 2k+1 TR
k=0
& k 2k IO IQ I4
COS :Z :a—gﬁ-ﬁﬁ-

k=0
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The2k versus2k + 1 difference highlights the oscillatory difference in the
two functions.

6.19 Find the vertical and horizontal tangent lines to tlips# defined by
x=6+3cos(t) y=>5+2sin(t).

This is an ellipse centered at= 6, y = 5. We know that the derivative
gives the tangent line sp (x, y) = (—3sin(t), 2 cos(t)) is the function we
need. The horizontal tangent lines are where 6 andcos(t) = 0 since the
slope is flat. This occurs at= /2 andt = 37 /2. Therefore the lines are
defined byy = 5+2sin(w/2) andy = 5+ 2xsin(7/2). These are indicated
in the figure below with blue lines. The horizontal tangené§ exist where
y = 5 on the function. Ify = 5 is on the function, thef = 5 + 2sin(¢).
Sincesin(t) = 0 occurs atr and2w, we can use: = 6 + 3 cos(w) and

x = 6+ 3cos(2m). These lines are graphed below in green.

10
I
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6.21 Givenf(t) = 1i + %, find the first three orders of derivatives. Solve for
t=2.

"

£ (t)=2t"%+12t7°

1 3
£t =2)= i+ 3

"

£ (t) = —6t""i+60t°

6.23 A number of seemingly counterintuitive voting pririep can actually be
proven mathematically. For instance, Brams and O’Leary Q) @laimed
that “If three kinds of votes are allowed in a voting body, inebability that
two randomly selected members disagree on a roll call wilinaimized
when one-third of the members vote ‘yes,’ one-third ‘noda@me third ‘ab-

stain.” The proof of this statement rests on the premistttier probability
of disagreement function is maximized wher- n = a = t/3, wherey is
the number voting yes, is the number voting na, is the number abstaining,
and these are assumed to divide equally into the total nuaileterst. The
disagreement function is given by

2(yn + ya + na)
(y+n+a)ly+n+a—1)

p(DG) =

Use the Lagrange multiplier method to demonstrate thaimdby first taking
four partial derivatives op(DG) — A\(t — y — n — a) with respect tay, n,
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a, X (the Lagrange multiplier); setting these equations equaletro; and

solving the four equations for the four unknowns.

This is a long and tedious calculation. Assign it only if yae aritated
with your class. There is certainly a linear algebra shattthat can be
developed, but the most obvious way is brute-force calcahd algebra.
I will provide only one of the four processes here and omitfthal (and

lengthy) step of solving. This last step should be done widitrives.

0
ALY
=2y+a)y+n+ta)y+nta—-1)"
+2(yn+ya+na)(-)(y+n+a)2(V)(y+n+a—1)"

+2yn+ya+na)y+n+a)(-)(y+n+a—1)"7(1)+ A

2(y +a) B 2(yn + ya + na)
(y+n+ta)ly+n+ta—-1) (y+n+a)(y+n+a—1)
B 2(yn + ya + na)

+A=0
(y+n+a)y+n+a—a)?
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This begins a lengthy algebraic cleanup. ..

O0=(W+a)(y+n+a)(y+n+a—1)
— (yn+ya+na)(ly+n+a—1)—(yn+ya+na)(y+n+a)

A
—|—§(y—|—n—|—a)2(y—|—n—|—a—1)2

=W +yn+yatay+an+a®)(y+nta—1)
—(y2n—yn2+yna—yn+y2a+yan
—|—ya2—ya—|—nay+n2a+na2—na)

— (y’n+yn® + yna + y*a + yan + ya?)

Ao 2 2
+§(y +yn+ya+ny+n +na+ay+an+a)
><(y2+yn+ya—y—y+ny+n2+na—n+ay

+an+a®—a—y—n—a+1)

=@ +yn+2ay+an+a®)(y+n+a—1)
—y*n —y?a —yn? — n%a — ya® — na® — 2yna
+yn+ya+na—y2n—yn2—y2a—2yna—ya2
+%(y2+2ny+2ay+2(m+n2+a2)
x (y? +n? +a® + 2ay + 2ny + 2an — 2y — 2n — 2a + 1)
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=y’ +v’n+y%a— v’ +y*n+yn® + yna —yn + 2y%a

+ 2ayn + 2a*y — 2ay + any + an® + a*n — an + a’y

+a’n+a® —a® — 2y%n — 2y%a — 2ya® — 2yn® — n’a

— na® — dyna + yn + ya + na
+ %(gf +y2n? + y%a® + 2ay® + 2ny® + 2any® — 243
—2ny? — 2ay® + v + 2ny® + 203y + 2nya® + dnay?
+4n%y? + An’y® + 2an®y — 4ny® — 4n’y — dany + 2ny
+ 2ay® + 2ayn? + 2ay — 4a*y* + dany® + 4a’yn
— day?® — dany — 4a*y + 2ay + 2any® + 2an® + 2a°n
+4a’ny + dan’y + 4a*n* — dany — 4an® — 4a*n + 2an
+n2y? + nt + n?a? + 2ayn® + 2n3y + 2an® — 2yn?
—2n3 — 2an® + n® + a®y® 4+ a*n?® + a* + 243y

+ 2a%ny + 2a%n + 2an® — 2yn? — 2n® — 2an® + n2)

:yg—yQ—yn2—|—y2a—|—a2n—|—a3—a2—|—a2y—ay
+ %(y4 +4day® + 43y + 4an® — 2n® + 46y + 2an® + o*
+4ny® + 5n%y? + 2n%a? — 3a®y? + 2a3n + 4a*n? — 293
— 6ny? — 4yn® + 2a®n + n* — 2ay? — 4n’y — 44’y — 4a*n
—2n3 — 8an? + y? + 2n® + 12nya’® + 10an’y + 12nay?®

+y?n? + y%a® — 12any + 2ny — 4ay® + 2ay + 2an)
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Probability Theory

7.1 Afair coinis tossed 20 times and produces 20 heads. W& probability

that it will give a tails on th@1st try?
Itis still 0.5.

7.3 pProvethaf?) = (") + (721).

(n—1)! (n—1)!
(n—k—1)%"" (n—Fk)!(k-1)!

(n—k)(n—1)!'+k(n—1)
(n —k)k!

(n—1ln—-k+k)
(n —k)k!

7.5 Suppose you had a pair of four-sided dice (they existhaaset of possible
outcomes from summing the results from a single to428, 4,5,6,7, 8}.

Determine the probability of each of these outcomes.

83
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#20utcomes = (1,1) p(2) =1/16

#3outcomes = (2,1),(1,2) p(3) = 2/16
#doutcomes = (3,1), (1,3), (2,2) p(4) = 3/16
#50utcomes = (4,1), (1,4),(2,3), (3,2) p(5) = 4/16
#60outcomes = (4,2), (2,4), (3,3) p(6) = 3/16
#Toutcomes = (4,3), (3,4) p(7) = 2/16
#8outcomes = (4,4) p(8) =1/16

7.7 Prove de Morgan'’s Laws for two setsand B.
Show(A U B)® = AL 0 BC.
SupposeX € (AU B)E.
ThenX ¢ AandX ¢ B.
SoX € AP BC.
Show(A N B)¢ = AL U BC.
SupposeX € (AN B)E.
Then: X isinone of(A\ B), (B \ A), (AE N BC).
A partition of the sample space consists of these three ketg with
ANB.SoX € (AnB)L.
7.9 If (D|H) = 0.5, p(D) = 1, andp(H) = 0.1, what is the probability that

H is true givenD?

We know:

p(H|D) =p(H,D)/p(D)
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and
p(D|H) = p(D, H)/p(H)
o]
p(H|D)p(D) = p(D|H)p(H)
and therefore(H|D) = p(D|H)p(H)/p(D) = 0.05.
7.11 Show that the Theorem of Total Probability also workemwkither of the
two sets is the null set.
p(A) = P(ANB)+P(ANB*). Setd = @. Sop(&) = p(@NB)+p(2N
B¢) = p(@) + p(&) = 0. SetB = &. Sop(A) = p(AND) + p(AN2°),
¢ =Q,p(A) = p(@) + p(A) = p(A).
7.13 Ifeventsd andBare independent, prove thaf andBC are alsoindependent.

Can you say thatl andAC are independent? Show your logic.

If A andB are independent, then:

p(ANB) = p(A)p(B)
= [1 - p(A")][1 - p(B®)]

=1 p(B%) — p(A°) + p(A®)p(BY).

By the law of complementation and de Morgan’s Law:
p(ANB)=1—p(AnB)°
=1-p(4%) Up(B°)
=1 [p(4%) +p(B%) = p(A° N BY)| .
Now put these two together and simplify:
1= p(B%) = p(A°) + p(A)p(B®)

=1 [p(4®) + p(B%) - p(4® 1 BY)]

p(ASp(B®) = p(A® N BE).
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For the second part, it and A® are independent then:
PAN ALY = P(Aa)p(AY).

We know thatP(A N A%) = 0 by definition of complementation. Since
P(AYY =1 — P(A), then:

P(A)P(A%) = P(A)(1 - P(A))

which can be zero only for the pathological case whefd) = 0 then these
are not independent.

7.15 Use this joint probability distribution

X
0 1 2
0] 0.10 0.10 0.01
Y 1]0.02 010 0.20
21030 0.10 0.07

to compute the following:

a) p(X < 2).
b) p(X < 2|Y < 2).

d) p(X =1]Y =1).

(
(
c) p(Y =2|X <1).
(
e) p(Y > 0|X > 0).

)
)
)
>0)

a) p(X <2)=042+0.3=0.72.

b) p(X < 2|y < 2) = HES2ISE — 082 — 0.6038.

p(Y=2,X<1) _ 0.340.1 _ ) 5555,

Pp(X<1) 0.72
0.0240.1010.20

0.1040.2040.104-0.07 = 0.7015

(
(
c) p(Y =2|X <1
(
( 0.104-0.20+0.104-0.0740.10+0.01 —

) =
d) p(X =1y =1) = 210 ____ —(.3125.
e) p(Y >0/X >0) =

7.17 Someone claims they can identify four different braofdseer by taste. An

experiment is set up (off campus of course) to test her ghilitvhich she
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is given each of the four beers one at a time without labelshgrvésual

identification.

a) How many different ways can the four beers be presentegrtorte at

atime?

b) What is the probability that she will correctly identifil four brands
simply by guessing?
¢) What is the probability that she will incorrectly identidnly one beer

simply by guessing (assume she does not duplicate an ar¥swer)

d) Is the event that she correctly identifies the second hisgrirat with

the event that she incorrectly identifies the fourth beer?

a) Call the four beers: A,B,C,D. So if A is given first and B iven
second there are 2 ways to give C and D. If A is given first, thene
are 6 ways to give B, C, and D (try this). As it turns out there 4l

=4*3*2*1 =24 total permutations. You could also just hastdid them

all.

b) There are 24 permutations and only 1 way for her to get tHerght
so the probability is;;.
¢) She cannot incorrectly identify 1 beer since there wowddb other

beer to get the name she missed. The probability is thereéooe

d) Since she can correctly identify the secand incorrectly identify the
fourth in the same test, the intersection is not the null $&erefore

the two events are not disjoint.

7.19 Suppose your professor of political theory put 17 bamkseserve in the
library. Of these, 9 were written by Greek philosophers dredrest were
written by German philosophers. You have already read ahefGreeks,
but none of the Germans, and you have to ask for the books anérae.
Assuming you left the syllabus at home, and you have to asthtobooks

at random (equally likely) by call letters:
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a) What is the probability that you have to ask for at leastehvooks
before getting a German philosopher?
b) What is the highest possible number of times you would henask

for a book before receiving a German philosopher?

a) Let X equal the number of times you have to ask for a book:
PX>3)=1-p(X <3)=1-p(X =1) - p(X =2)
p(X =1) = p(German on first try= % = 0.4706
p(X = 2) = p(Greek on first tryp(German on second try

p(X >3)=1.0—0.4706 — 0.2647 = 0.2648

b) Since there are 9 Greek philosophy books, even if you wdreraely
unlucky and got these 9 books in the first 9 tries, you are guieea to
get a German philosophy book on th@" try.

7.21 In a given town, 40% of the voters are Democrats and 6@%Rapublican.
The president’s budgetis supported by 50% of the Democnatt8@%s of the
Republicans. If arandomly (equally likely) selected vasdound to support
the president’s budget, what is the probability that theyaabemocrat?

p(DIS) = p(D)p(S|D)/p(S) = p(D)p(S|D)/(p(D)p(S|D)+p(R)p(S|R)) =
(0.4) % (0.5)/((0.4) * (0.5) + (0.6) % (0.9)) = 0.27.

7.23 Assume that 2% of the population of the United Statem@mabers of some
extremist militia group, (M) = 0.02), a fact that some members might not
readily admit to an interviewer. We develop a survey thatS%ccurate
on positive classificatiomp(C|M) = 0.95, and 97% accurate on negative
classificationp(CC|MC) = 0.97. Using Bayes’ Law, derive the probability
that someone positively classified by the survey as beinditanmember
really is a militia member. (Hint: Draw a Venn diagram to gé€') and
think about the Theorem of Total Probability).

The unconditional probability of classifying a respondesi& militia mem-
ber results from accumulation of the probability acrossstimple space of

survey events using the Total Probability TheoreiC) = p(C N M) +
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Not Capit.
n = 28 Increase
0.444 0.029

Government Decisio

0.914

Change

0.057

Lost
Contact

p(C N M) = p(C|M)p(M) + [1 = p(CC[MC)]p(MP) = (0.95)(0.02) +
(0.03)(0.98) = 0.05. Thisisthenused in Bayes Lay(M |C') = p M p(CIM) =
9-02(0.95) = 0.38.

7.25 Corsi(1981) examined political terrorism, resporneésrrorist acts, and the

counter-response of the terrorists for 1970 to 1974. Fotype of events
where atargetis seized and held at an unknown site (likeakigdimg) he found
that 55.6% 1 = 35) of the time the governmentinvolved capitulated. Given
that this happened, 2.9% of the time the terrorists incib#issr demands,
91.4% of the time there was no change in these demands, a¥dds.the
time contactis lost. Of these three events, the number etimat there was
known to be no damage or death wias31, and1, respectively. Construct
a tree diagram that contains the conditional probabilditesach level.

The tree diagram is given below. The counts at the end anestieg but

not part of the problem.
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Random Variables

8.1 Indicate the level of measurement and which measureg¢sntral tendency

can be used for the following:

a) college education: none, AA, BA/BS, JD, MD/DVM/DDO, Ph.D
b) letter grades;

¢) income given as 0—10K, 10-20K, 30-50K, 50-80K, 100K+;

d) distance of commute from home to work;

e) marital status: single, married, widowed, divorced;

f) working status: employed, unemployed, retired, student

g) governmental level: local, state, federal, internadipn

h) party: Democrat, Republican, Green, Bull Moose.

a) Nominal.
b) Ordinal.
¢) Ordinal.
d) Ratio.

e) Nominal.
f) Nominal.
g) Ordinal.

h) Nominal.

90
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8.3 Morrison (1977) gave the following data for Supreme Cwacancies from
1837to 1932:

Number of Vacancies/Year 0 1 2 3 4+

Number of Years forEvenf 59 27 9 1 O

Fit a distribution to these data, estimating any necessargrpeters. Using
this model, construct a table of expected versus obsergqdéncies by year.
The obvious solution is to fit a Poisson model by estimatirigpm these
data. This producesnean = 0.5, var = 0.5053 from the data. Note that
this implies a good fit for the Poisson since the mean andvegiare nearly

identical. Predictions from this model are:

0bserved| 59 27 9 1 0
58.226 29.113 7.278 1.213 0.170

expected

which are produced from plugging in the observed vacandeasiaforma-
tion.

8.5 Suppose you had a Poisson process with intensity pazaimet5. What is
the probability of getting exactly 7 events? What is the jitulity of getting
exactly 3 events? These values are the same distance frexybeted value
of the Poisson distribution, so why are they different?

The probability of getting 5 events:

675 7

p(7|A=5) = = (.1044449.
The probability of getting 3 events:
675 3

p(3]A=5) = = 0.1403739.

These are different because, unlike the normal, the shathee d?oisson

distribution is asymmetrical around it's mean.



92 Random Variables
8.7 LetX bethe eventthatasingle die is rolled and the resulting raursteven.
Let Y be the event describing the actual number that results fhemdll

(1-6). Prove the independence or nonindependence of tvesavents.

p(even)p(1l) = %é =13 p(even,1) =0
pleven)p(2) = S5 = oo pleven,?) = ¢
pleven)p(3) = 2= = pleven,3) =0
p(even)p(4) = %é = %, p(even,4) = =
p(even)p(b) = %é = %, p(even,5) =0
pleven)p(6) = 32 =15, pleven,6) = 2.

So the events are clearly not independent.

8.9 Suppose we have a PMF with the following characterisp¢X = —2) =
(X =-1)=5,p(X =0)=3,pX =1) = 55, andp(X =2) = g.
Define the random variablgé = X2. Derive the PMF oft” and prove that
itis a PMF. Calculate the expected value and variandé.of

This problem is greatly simplified because it there is a @igcsample
space with a small number of outcomes. First, we specify thbabilities
forY:

1 1 7
P(Y—l)—P(X——l)‘i‘P(X—l)—g =30

1 11 17
p(Y =4)=p(X =-2)+p(X =2)= 54‘% =30
To prove that this is a PMF, we need to show that it satisfieKtt@ogorov

axioms:
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e The probability of any realizable event is between zero are o

6 717
307307 30

e Something happens with probability one:

e The probability of unions of, pairwise disjoint events is the sum of their

individual probabilities:

pY =0U1)=p(X =-1U0U1)

71+1+1713
6 5 15 30

6 7 13
p(Y—OH‘p(Y—l)—%‘F%—%

p(Y =1U4)=P(X =-2U-1U1U2)

_1+1+1+11_24
5 6 15 30 30

_T
T30 30 30
p(Y =4U0)=p(X =-2U0U2)

R O O L
5 5 30 30

_r, 6
30

p(Y =4)+p(Y =0) 30 = 30°

The expected value df is:

E[Y] =0 (3%) +1 (%) 4 (%) —25

The expected value df? is:

E[Y] =02 (3—60> + 12 (3—70> 42 (%) =9.3.
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So the variance is:
VarY] = E[Y?] — E[Y]? = 9.3 — 2.5% = 3.05.
8.11 Twenty developing countries each have a probabilityitifary coup of 0.01
in any given year. We study these countries ovéd-gear period.

a) How many coups do you expect in total?
b) What is the probability of four coups?

¢) What is the probability that there will be no coups durihig period?
Assuming independence across time and countries. ..

a) Expected total:
20 10

Eltotal] = > (0.01) =2

i=1 j=1

b) The probability of four coups:
p(T = 4) = p(4 coups) + p(96 non — coups)
= (1/100)* + (99/100)% = 0.3810471
¢) The probability no coups:
p(T = 0) = p(100 non — coups) = (99/100)2°° = 0.1339797

8.13 Use the exponential PDF to answer the following quastio

a) Prove that the exponential folisia PDF.
b) Derive the CDF.
c) Prove that the exponential distribution is a special cdske gamma

distribution.

The exponential PDF is given by:

f(al) = %exp[—x/m, 0<z<oo, 0<f,

a) Showing that the exponential PDF satisfies the Kolmogakiams:
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e The probability of any realizable event is between zero are o
lim f(x]3) = 0

. 1
lim f(2[8) = 3

e Something happens with probability one:

/ " Gesla/Ads = —expl-a/sl| =0 (-1) =1

1

e The probability of unions of, pairwise disjoint events is the sum of
their individual probabilities: we know that for afly< a < b <

c < 00,

pla <X <b)+pb< X <)

b 1 c 1
= [ Gesl-s/ide + [ S exploa/flda

b b
) + <— exp[—z/f] )

= —exp[—a/B] + exp[—b/B] — exp[—b/ ] 4 exp[—c/[]

= (— exp|—z/ ]

= —exp[—a/f] + exp[—c/F]

C

= —exp[—z/0]

= /a % exp[—z/f]dx

=pla< X <c)
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b) The CDF is found by integrating from zero:to

| rgyde =~ expl-t/3)
0 0
=1—exp[—z/0]
where CDF values far < 0 are0.
¢) The gamma distribution is given by:

1

T e/

f(‘ﬂavﬁ) =

for0 <z < oo, 0 < a,83. Now seta = 1 to establish a single

special case:

# D~ exp[—z /0]

1
f(zla=1,8)= F(l)ﬁ(l)

= %exp[—x/ﬁ]

which of course is the exponential form above.

8.15 Afunction that can be used instead of the probit fumdsahe logit function:

AX) = li’;‘;’((p)(())() Plot both the logit function and the probit function in

the same graph and compare. What differences do you observe?

This figure shows that the logit function has slightly “heavitails in
that it asymptotes slower than the probit function. Noteutih, that they
intersect af0, 0.5]. For the probit, this is a property of the standard normal
CDF accounting for half the density at zero. For the logitdfion, it comes

fromexp(0) = 1.

8.17 ProvethaE[Y|Y] =Y.
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1.0

Probit

0.8

Logit

0.6

()

0.4

0.2

0.0

This is easiest to show for the discrete case:

k
E[Y[Y] =) Yip(Y;|]Y)

=1
=Y VO)VY; #Y)+Y:(1)forY; =Y
=Y >(Y;=Y)

=Y

8.19 Calculate the entropy of the distributiBfw. = 5, p = 0.1) and the distribu-
tion B(n = 3,p = 0.5). Which one is greater? Why?

Use the natural log since comparing distributions makesahcision ar-
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bitrary:

5
Hy =) p(X =iln="5p=01)log(p(X = ijn =5,p=0.1))
i=1

= (0.59049)(—0.5268026) + (0.32805)(—1.1145892)
+ (0.07290)(—2.6186666) + (0.00810)(—4.8158912)
+ (0.00045)(—7.7062630) + (0.00001)(—11.5129255)

= —0.9102051

3
Hy = ZP(X =iln=3,p=0.5)log(p(X =iln=3,p=0.5))

i=1
= (0.729)(—0.3160815) + (0.243)(—1.4146938)
+(0.027)(—3.6119184) 4 (0.001)(—6.9077553)

= —0.6786236

So the second one has higher entropy even though there aregdessible
events. The reasonisthatthe probability ef 0.5 for the binomial produces
the greatest possible variance.

8.21 Show thatthe second momentof the Cauchy distribwioninite and there-

fore undefined.

We wantE[X?] whereX is distributed Cauchy. Start with the definition

of variance for a random variable:
var[X] = E[X?] — E[X]?
and rearrange for the quantity of interest:

E[X? =Var[X] + E[X]*.
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We know that for the Cauch¥[X] = co (shown on page 382). SB[X]?

must also be infinity as well d8ar[ X ]+ E[X]?. Therefore the first moment

property “pollutes” all higher moments by induction.

8.23 The following is a stem and leaf plot for 20 different ebations (stem-=

tens digit). Use these data to answer the questions.

ojj7 8 9 9 9
10 1 5 7 7 9
210 1 1 8

3|2 4

4

5

6

715

813 9

a) Is the median bigger or smaller than the mean?

b) Calculate the 10% trimmed mean.

c) Make a frequency distribution with relatiand relative cumulative
frequencies.

d) Calculate the standard deviation.

e) ldentify the IQR.

a) Thedataare right-skewed so the mednast be smaller than the mean:

X =26.7, andM, = 18.
b) X 10 = 21.6875.

¢) Tabulating:
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0-9 5 0.25 0.25
Category | Freq. | Relative Freq.| Cumulative Freq.
0-9 5 0.25 0.25
10-19 6 0.30 0.55
20-29 4 0.20 0.75
30-39 2 0.10 0.85
40+ 3 0.15 1.00

d) s, = 25.30259
e) 30 — 9.5 = 20.5
8.25 ThelLos Angeles Times (Oct. 30, 1983) reported that a typical customer
of the 7-Eleven convenience stores spe$@l?4. Suppose that the average
amount spent by customers of 7-Eleven stores is the repaated 0f$3.24

and that the standard deviation for the amount of sa$8.88.

a) What is the level of measurement for these data?

b) Based on the given mean and standard deviation, do ydttianthe
distribution of the variabl@mount of sale could have been symmetric
in shape? Why or why not?

¢) What can be said about the proportion of all customerssfiertd more

than$20 on a purchase at 7-Eleven?

a) Ratio.
b) These data are highly skewed (asymmetric) since thergumeation
point at zero on one side and it is well within the standardaten.
¢) Using Chebychev's Inequality with k=2 (sin2e= 21 ~ 20): 100(1 — 55 ) = 75%,
so at least 75% of the customers spend betv@ed0 and$21.00, so
at most 25% spend more th&21.00, and the proportion that spend
more thar$20.00 is at most a little higher than 25%. If you figured the

exact k, thats great but not necessary for credit.
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Markov Chains

9.1 Consider a lone knight on a chessboard making movesramifsandomly
fromthose legally available to it at each step. Show thap#ik of the knight
(starting in a corner) is or is not a Markov chain. If so, igieducible and
aperiodic?

This is a Markov chain, because the probability of a move red@t@mnal
only on the current state for determining the possible driowghe next
state. It is irreducible since the Knight can eventuallycreany state from
any other (unlike, say, a bishop). This can be proven, batribit required
here. Also, clearly it is aperiodic unless additional stiions are made
about how the probabilities are changed (i.e. no longeoumf. So as long

as the uniformly random choice stays uniformly random, ighaa aperiodic

|

find the vector of stationary probabilities.

Markov chain.

9.3 Using this matrix:

N[= =
N W

Actually, for this simple example we can solve directly foe steady state

101
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S = [s1, s2] by stipulating:

o1 [°T 2]

and solving the resulting two equations for the two unknawrgs is done

by starting with:
[0.7581 + 0.582,0.2581 + 0.582] = [s1, $2]
which produces:
0.5s9 = 0.25s1, 0.25s51 = 0.5s9.

It seems like we are stuck here since these produce the séonmation,
but the second (needed) equation comes from the fact thag #re only
two states so the probabilities must sum to ore+ so = 1. Plugging
s1 =1—s91nt00.5s5 = 0.25s; producess, = % We therefore also know
thats; = 2.

9.5 There are many applications and famous problems for ddarkains that are
related to gambling. For example, suppose a gamblerfietm successive
games unless she has won three in a row. In the latter casees#3tbut
returns to$1 if this game is lost. Does this dependency on more than the
last value ruin the Markovian property? Can this process &gento depend
only on a previous “event”?

We can redefine the chain in the following way, starting whthfourth bet,
lump the last three iterations of the game into one “supgaiton.” In this
way there are now only two states within each of these neve stepording

to:

e STATE 1: less than three wins in the last three plays.
e STATE 2: three wins in the last three plays.
Therefore there are two betting decisions:

e STATE 1: bet$1.
e STATE 2: bet$3.
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Since the probabilities do not change as the game is playddatting
changes, there are no additional complications to keeg thcSo the new
chain has a “moving window” of three plays over the previoliaic. Now
the probability of moving to a new state is conditional ontytbe last state
under the new definition.

9.7 Consider the prototypical example of a Markov chain &krn

p 1-p
I—q q
where0 < p,q < 1. What is the stationary distribution of this Markov
chain? What happens when= ¢ = 1?

To get the stationary distribution start with the definition

[o w ]| 770 = [a ]
S1 So - S1 So 5
1-q q
So now:
$1(1 = p) + s2g = $2
(1 =s2)(1 —p) + 529 = 52
1—p—s2+ sap+ 520 = 52
1-p
Sg = ——8 .
2-p—yq
Therefores; = =%, If p = ¢ = 1 this stationary distribution does not

2—q—p’
exist (see the denominator). Under this condition this isastochastic

process since the starting state is permanent (absorbing).

9.9 Suppose that for a Congressional race the probabibtyctindidate B airs
negative campaign advertisements in the next period, glvahcandidate
A has in the current period, is 0.7; otherwise it is only 0.0fhe same

probabilities apply inthe opposite direction. Answer thiédwing questions.

a) Provide the transition matrix.
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b) If candidate B airs negative ads in period 1, what is théabdity that

candidate A airs negative ads in period 3?

¢) What is the limiting distribution?

First of all define the two-dimensional state with a vectdhwiositions for
candidate A and candidate B, wher@means no negative ads antlimeans
negative ads. Therefore the state space consi§te df), (0, 1), (1,0), (1,1)},
where the first position corresponds to A and the second sporals to B.
Now we need to keep track of joint probabilities since twas are happen-
ing (supposedly independently) at once. So the probaluifityansitioning
from (0, 1) to (0, 0), for instance, is the probability that A stays non-negative
when B is negativel — 0.7, times the probability that B goes non-negative
for a non-negative A in the previous periad93. The probability of this
particular transition is therefofe291. Note that an assumption of this setup
is the decisions are based only on the other actor’s lastvileh@ot ones’

own.

a) So for each of these scenarios we need to calculate thespormding
joint probability. This is done in the table below where tlwduenns
indicate states at time— 1 and the rows indicate potential states at

timet.

(0,0) (0,1) (1,0) (1,1)
0,00 [ 0.865 0279 0.279 0.09
0,1) | 0.065 0.021 0651 0.21
(1,0) | 0.065 0651 0.021 0.21
(1,1) \ 0.005 0.049 0.049 0.49

Notice that the columns sum to one.

b) If candidate B airs negative ads in period 1, the prob@gtiitiat can-
didate A airs negative ads in period 3 is determined by saing an
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appropriate starting value and running the chain two itenatby mul-
tiplying by the transition kernel (the transpose of the matbove). To
satisfy the condition, we can start from eiti{€r1) or (1,1), so itis
necessary to evaluate both.

Starting at(0, 1), we get the following probabilities:

Scenario (0,0) (0,1) (1,0) (1,1)
Iteration1 0.43323 0.45267 0.05577 0.05833
Iteration2 0.43323 0.45267 0.05577 0.05833

So the probability that candidate A airs negative ads ingokEBiis the
sum of the probabilities of scenario 3 and 4 at Iteratio. 25577 +

0.05833 = 0.11410.

Starting at(1, 1), we get the following probabilities:

Scenario (0,0) (0,1) (1,0) (1,1)
lteration1 0.23913 0.24987 0.24987 0.26113
Iteration2 0.23913 0.24987 0.24987 0.26113

Again, the probability that candidate A airs negative adsdriod 3 is
the sum of the probabilities of scenario 3 and 4 at Iteratidh2(987 +
0.26113 = 0.51100.

Now if we want to say that there is@5 probability of candidate A
being zero or one at the start, then we simply take the medresétto
get an expected probability:(0.11410) + £ (0.51100) = 0.312550.
The limiting distribution can be found by running the ahas above,
but not stopping until the probabilities are stable (we dal$o do this
analytically but it is a lot more work). After about 40 itei@ts there

are no changes in the observed probabilities (with the acgwf R),
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producing:
Scenario (0,0) (0,1) (1,0) (1,1)
Prob. 0.657523 0.153288 0.153288 0.0359016

9.11 Given an example transition matrix that producesrarreducible Markov
chain, and show that it has at least two distinct limitingrilisitions.

These actually occur in growth models in economics and airgeresting

area of study. Below is a unimaginative example where theirsgapoint

determines the final limiting distribution.

(02 08 0 0 0
09 00 0 0 0
0 0 01 03 06
0 0 09 01 0
0 0 02 03 05 |

If the chain is started in states 1 or 2, then the limiting riistion is
[0.529,0.0.471,0,0,0], and if the chain is started in states 3, 4, or 5, the
limiting distribution is[0, 0,0.109, 0.760, 0.13].

9.13 For the following transition matrix, which classes elesed?

[ 0.50 0.50 0.00 0.00 0.00
0.00 0.50 0.00 0.50 0.00
0.00 0.00 0.50 0.50 0.00
0.00 0.00 0.75 0.25 0.00

| 0.50 0.00 0.00 0.00 0.50 |

First, let's look at diagram of the potential paths of theioha
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¢

A closed class is one where the Markov chain cannot leaveibeogers.

The closed class here is that defined{By4} since the chain will just cycle
back and forth between these two states. Note that the chgiraranteed to
enter this closed class for any starting point. While theaways a positive
probability of staying at any ofl1, 2,5}, the chain will eventually leave and
start the cycle towards the closed class.

9.15 Consider the following Markov chain from Atchadé arasBnthal (2005).
For the discrete state spa®e= {1, 3,4}, at thenth step produce the+ 15

value by:

o if the last move was a rejection, generéte- uniform(d,, —1:6,, +1);
¢ ifthelastmove was an acceptance, genétate uniform(d,,—2 : 6,,+2);

e if 0/ € ©, accept) asf,, .1, otherwise reject and s}, asf,,.1;
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where these uniform distributions are on the inclusive fpasintegers and

some arbitrary starting poirk, (with no previous acceptance) is assumed.

What happens to this chain in the long run?

Consider the followindr code for implementing this Markov chain.

X <- ¢(3); accept <- 0; num.sims <- 1000000
for (i in 1L:num.sims) {
if (accept == 1)
theta <- sample(size=1,(x[i]-2):(x[i]+2))
else theta<-sample(size=1,(x[i]-1):(x[i]+1))
if (theta == 1 || theta == 3 || theta == 4) {
X <- c(x,theta)
accept <- 1
}
else {
X <- c(X.X[i])

accept <- 0

Running this chain for a million iterations, throwing awae first1 00, 000

produces a the distribution described by the followingeabl

1 3 4
423376 243911 232713

Interestingly, the mass is nearly twice as much on 1.
9.17 Dobson and Meeter (1974) modeled the movement of padetytification
in the United States between the two major parties as a MakovThe
following transition matrix gives the probabilities abt moving from one

status to another conditional on moving (hence the zerob@diagonal):
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SD WD I WR SR
SD 0.000 0.873 0.054 0.000 0.073
WD 0.750 0.000 0.190 0.060 0.000
1 0.154 0.434 0.000 0.287 0.125
WR 0.039 0.205 0.346 0.000 0.410
SR 0.076 0.083 0.177 0.709 0.000

where the labels indicateéD = Strong Democrafi)’ D = Weak Democrat,
1 = IndependentlV R = Weak Republican, andR = Strong Republican.
Convert this to a transition matrix for moving from one st&ieanother
and show that it defines an ergodic Markov chain. What is thgostary

distribution?

This problem could be explained better than it is here. Dolasal Meeter

say:

“The entries in the table are to be interpreted as follows.ngBier the first row
(i.e. 1956 Strong Democrats). The probability that an iithliel moved from Strong
Democrat in 1956 to Weak Democrat in 19%8sen that he moved, is .87.”

So given this condition, and not knowing the relative prajporthat remained
attheir currentideology, we can just treat this as a travsihatrix for movers
only if we want. The authors do provide row total$ (116, 136, 78, 79) for
combined movers and stays, but this does not let us recosgrtiportion
not moving. Furthermore, these numbers are noticeablgréifit than what
appears in the ANES file (7252 American Panel Study: 19568.19360).
So this problem can be used as an introductory data resessblem on
downloading or as just another exercise in calculatingtiimgidistributions.
The interpretation of the limiting distribution is a littd since cases enter
and leave the analysis by changing their status betweearstand movers.

The code is below. Aftet, 000 iterations the chain appears to have settled
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down to:
[42.03268,49.92121,20.09307, 17.77727,12.81688]

P<-matrix(c(0.000, 0.873, 0.054, 0.000, 0.073,
0.750, 0.000, 0.190, 0.060, 0.000,
0.154, 0.434, 0.000, 0.287, 0.125,
0.039, 0.205, 0.346, 0.000, 0.410,
0.076, 0.083, 0.177, 0.709, 0.000),
byrow=TRUE,ncol=5)

MC.multiply <- function(P.in,N) {
P1 <- rep(0.5,5)%*%P.in
for (i in 1:(N-1)) {

Pl <- P1%*%P.in
print(P1)

P1

MC.multiply(P,1000)

We can also download and condition the ANES file to performstmme
analysis on the switching numbers there but with the respiotsdthat do not

switch preserved on the diagonal:

library(foreign)
id.panel <- read.dta(07252-0001-Data.dta)

> levels(id.panel$Vv560088)
[1] "STRONG DEMOCRAT"
[2] "NOT VERY STRONG DEMOCRAT"
[3] "INDEPENDENT CLOSER TO DEMOCRATS ('YES,"
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[4] "INDEPENDENT ('NO, NEITHER' OR 'DK' TO"
[5] "INDEPENDENT CLOSER TO REPS ('YES, REPU"
[6] "NOT VERY STRONG REPUBLICAN"
[7] "STRONG REPUBLICAN"
[8] "OTHER, MINOR PARTY AND REFUSED TO SAY"
[9] "APOLITICAL (DK TO Q"
[10] "NA"

id.data
<- chind(id.panel$Vv560088,id.panel$V580360)
id.data2 <- NULL
for (i in l:nrow(id.data)) {
if ((id.data[i,1] < 8) & (id.data[i,2] < 8))
id.data2 <- rbind(id.data2,id.datali,])
}
for (i in 1l:nrow(id.data2)) {
if ((id.data2[i,1] == 3)
[| (id.data2[i,1] == 5))
id.data2[i,1] <- 4
if ((id.data2[i,2] == 3)
[| (id.data2[i,2] == 5))
id.data2[i,2] <- 4

P <- table(id.data2[,1],id.data2[,2])

1 2 4 6 7
1179 45 3 1 4
2 84134 22 5 O
4 22 50 142 34 16
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6 3 13 24 93 27
7 5 4 11 49 100

row.totals <- apply(P,1,sum)

Q <- sweep(P,1,row.totals,FUN="/")
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1 2 4 6
1 0.771551724 0.193965517 0.012931034 0.004310345 0.0172
2 0.342857143 0.546938776 0.089795918 0.020408163 0.0000
4 0.083333333 0.189393939 0.537878788 0.128787879 0.0606
6 0.018750000 0.081250000 0.150000000 0.581250000 0.1687
7 0.029585799 0.023668639 0.065088757 0.289940828 0.5917

MC.multiply(Q,1000)

41379
00000
06061
50000
15976

This settles down well before tHe 000 iterations, giving:

[1.121576,0.6503875,0.2703534,0.2619291, 0.1957537]
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